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Why ] ohnny hates math— 


KARL MENGER, IIlinois Institute of Technology, Chicago, Illinois. 
Many difficulties encountered in learning 


THE PROBLEM 
“MATHEMATICS the most-hated Subject” 
was the title of an editorial that recently 
appeared in a large newspaper. ‘“Accord- 
ing to a national survey of high school 
seniors,’’ says a report sponsored by the 
Carnegie Foundation, ‘twelve per cent of 
them had never taken any algebra or ge- 
ometry; twenty-six per cent had quit 
studying mathematics after one year; and 
another thirty per cent had dropped the 
subject by the end of the second year.” 
In view of the unprecedented national 
need for scientists with an adequate basic 
training in mathematics “there is cause 
for great alarm,” and “concern over the 
mathematical incompetence of the aver- 
age—and even above-average—American 
has become almost a national preoccupa- 
tion.’’ All associations and foundations 
connected with either science or education 
have expressed grave warnings, and large 
p blic as well as private funds go into 
projects whose aims are to explain why 
mathematics is so unpopular and to alle- 
viate the resulting crisis. 

Discussion has brought forth a great 
variety of partial explanations. Experts 
have blamed the teachers and the stu- 
dents. They have criticized the universi- 
ties, the teachers colleges, the high schools, 
and the grade schools. They have found 
fault with the choice of classical topics, 
their arrangement, and the absence of 
modern mathematics from the curriculum. 
They have emphasized that the current 


mathematics are caused by a confused 


system of symbols and terminology 


textbooks are obsolete, the classrooms 
overcrowded, and the teachers underpaid. 
They have, in other words, searched for 
the roots of the trouble practically every- 
where—everywhere except in the proce- 
dures of mathematics itself. 

Mathematics is looked upon with a 
mixture of awe and gratitude. And indeed 
everyone has reason to be grateful. 
Mathematics has been the decisive factor 
tn understanding the universe and the 
most powerful tool in controlling nature. 
All this is beyond any doubt. What is on 
shakier ground, however, is the general 
belief that the tremendous achievements 
of mathematics are due to the clarity of 
its basic procedures and to the precision 
of its current language. The time has 
come when it must be frankly admitted 
that some mathematical processes are 
successful not because of those presumed 
qualities, but rather in spite of obscure 
foundations, ambiguous expressions, and 
lack of articulateness. None of these short- 
comings—it goes without saying—are in 
any way bothersome to active mathe- 
maticians, who handle their material with 
a virtuosity that is based on intuition and 
experience. Mathematicians have the skill 
to cope with self-created difficulties. 
But Johnny, studying algebra in high 
school or college, lacks that skill and is 
unable to understand part of what he 
hears from his teacher or reads in the text- 
book, and this is the reason why Johnny 
hates math. 
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THE FAULT IS NOT THE STUDENT’S 


The mathematical symbols that the 
student encounters most frequently— 
on almost every line on every page of his 
texts—are letters, especially the letter z. 
Yet he is rarely taught clear and articulate 
directions for the use of letters. In the 
formula 


(1) 


he may replace z, for instance, with 4 or 
with 7, since 42—-1=(4+1) (4—1) and 
7?—1=(7+1) (7-1). 

But shame on Johnny if he replaces x 
with 4 or 7 in some of the other statements 
that he finds in his text, e.g., in 


(2) the function z?—1 is nonconstant 


or in 


(3) «?—1 is a quadratic polynomial. 


For 47—1 and 7?—1 are called neither 
nonconstant functions nor quadratic poly- 
nomials. Johnny, however, resents being 
blamed for doing in (2) and (3) precisely 
what he had been expected to do in (1). 
Very understandably, he thinks that the 
game is unfair because he has not been 
told the rules. Indeed, where he may, and 
where he must not, replace letters by nu- 
merals is something the student has to find 
out himself. This is a difficult task. 

Nor are the diverse uses of x in (1), (2), 
and (3) the only ones that the beginner 
encounters. In the elements of algebra 
he has to find the number z such that 


(4) r+1=5. 


This task is called solving an equation. 
The student is expected to say, “The 
solution is 2 = 4.” 

In the elements of analytic geometry 
(usually incorporated in elementary al- 
gebra), a Cartesian frame of reference is 
chosen and a simple procedure taught ac- 
cording to which the line parallel to the 
second axis and 4 units to its right is called 


(5) the line r=4, 


Thereafter, the student is expected to 
refer to x=4 as the equation of the said 
straight line. This “equation” is worlds 
apart from the equation (4) or its solu- 
tion, x =4, and so is the letter x in (5) from 
the letter x in (4). Furthermore, both are 
different from the letters x in (1), (2), 
and (3). 

It can be pointed out that physicists 
also use the same letter in different mean- 
ings. They write ¢ for time as well as for 
temperature, for example. But they do so 
in different contexts, and no student con- 
fuses the two meanings of t. However, the 
student is bound to confuse various 
mathematical meanings of z because 
these often occur in the same context and 
sometimes even in the same sentence. 
For instance, in his study of the line z=4, 
the student may well have to solve equa- 
tions such as (4) with the solution r=4. 
Formulas such as (1) may well occur in 
the same context as statements (2) and 
(3), even though they are based on totally 
different uses of x. Mathematics suffers 
from z-itis. 

The task is not made easier by teachers 
and texts referring to the same letter x by 
different technical terms. It is a variable 
in (1) and sometimes also in (2); while 
x in (2) and (3) is sometimes called a 
function. In other contexts x is called an 
indeterminate in (3). It is called an un- 
known in (4) and an abscissa in (5). Slightly 
more advanced parts of algebra and 
analytic geometry abound in references 
to x as real part, as parameter, and again 
as a function—but a function quite 
different from that in (2) and sometimes 
called the function z of x and y. The 
survivor of freshman mathematics finds 
that xz in So' cos x dx is called a dummy 
and, later, encounters references to the 
operator x. These distinctions are not very 
helpful since many students fail to grasp 
the meanings of those terms. Even though 
at least eight of the terms occur over and 
over and over again, some of them (es- 
pecially indeterminate and parameter) are 
introduced without precise definitions, 
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even the differences between them (es- 
pecially between variables, parameters, 
and indeterminates) are not clearly de- 
scribed, and articulate rules for the vari- 
ous ways to manipulate them (especially 
variables, functions, and indeterminates) 
are lacking.’ 

The student’s task is made even harder 
if he is told? that the last letters of the 
alphabet are variables (standing for any 
one of many numbers), whereas the first 
letters of the alphabet are constants (each 
designating just one number). He cannot 
find any difference in meaning between 
the following two statements: 

x+1=1+2 for every number z, 
a+1=1-+a for every number a. 

He cannot find any difference because 
there is none. The two statements have 
precisely the same meaning. “But how can 
that be?” he wonders, considering that the 
last letters of the alphabet are variables 
and the first letters are constants. He 
does not yet know that much worse in: 
consistencies are in store for him. After 
he has solved a few equations such as 
x?=4 and z?=7 he will be taught to solve 
the general equation 
(6) =¢, 
from which the specific equations result 
by replacing c with 4 or 7. The letter c in 
(6) thus stands for any one of many num- 
bers. Yet c is referred to as a constant and 
not as a variable. 

If Johnny is to understand mathematics 
he has to learn quite a few oddities of the 
mathematicians’ traditional jargon. Fig- 
uratively speaking, white is occasionally 
referred to as “black.” 

Nor IS THE TEACHER TO BLAME 

“Variable is perhaps the most mathe- 
matical of all notions,” wrote Bertrand 
Russell, one of the great logicians of our 


1 See K. Menger, What Are z and y? forthcoming 
in the Mathematical Gazette, where twelve different 
uses of z and y are listed. 

2 According to O. Frink, this is the conventional 
usage. See O. Frink, Mathematical Reviews (June, 
1955) pp. 575-576. See also G. Polya, How to Solve It 
(Princeton: Princeton University Press, 1945), p. 125. 
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time. “It certainly is also one of the most 
difficult to understand . . . In the present 
work [The Principles of Mathematics, 
1903] a satisfactory theory as to its nature, 
in spite of much discussion, will hardly be 
found.” The search for the solution of 
some of those difficulties is left to the 
high school and college teachers. 

The last five decades have witnessed 
the rise of what is called modern mathe- 
matics. New branches of mathematical 
knowledge, undreamed of in 1903, have 
come into existence in a development so 
splendid that mathematicians have for- 
gotten, or thought that they could ignore, 
those words in the Principles. Modern 
ideas make geometry much more lucid 
as well as much more interesting than it 
used to be. But just the difficulties Russell 
alluded to in 1903 have lingered on un- 
abatedly. Mathematicians are eagles that 
have not freed, nor even tried to free, 
their legs from shackles that proved 
harmless in their upward flight. Johnny, 
however, does not fly. He is learning to 
walk and in this process, very understand- 
ably, he considers shackles on his legs a 
nuisance that he asks his teacher to re- 
move. It appears, however, that, regard- 
less of whether the teacher has seen the 
grandiose new vistas of modern mathe- 
matics, in some points he still cannot do 
better than Bertrand Russell did in 1903. 
Within the frame of the traditional 
mathematical symbolism he simply can- 
not answer some of the student’s pertinent 
questions about variables and constants 
and about zx and y. 

Indeed, what shall the teacher say when 
the student (confusedly or clearly) asks in 
which cases x may, and in which cases xr 
most not be, replaced by numerals? What 
shall he say when pressed for the differ- 
ence between a variable and an indeter- 
minate? How shall he reconcile the defini- 
tion of a constant as a symbol that stands 
for just one number with the use of the 
word constant in reference to the letter c¢ 
in the equation 
(7) y=r+e 
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in analytic geometry? What shall he 
answer when asked whether or not ¢ in 
(7) and c in, say, the equation 


(8) 


are the same constant? And, for that 
matter, what is the answer to the question 
whether z in (7) and z in (8) are the same 
variable? More generally, when are two 
constants equal and when are two vari- 
ables equal? 

The teacher’s position is anything but 
enviable since these questions are any- 
thing but stupid. Complacently silencing 
the inquiring student is not a way out of 
the crisis: Johnny will quit math after one 
semester. Saying “as you will learn later’ 
now, and “as you have learned before”’ 
later, is neither honest nor efficient: 
Johnny will drop mathematics at the end 
of the second semester. Ridiculing those 
questions is of course the worst response: 
that makes Johnny hate math for the rest 
of his life. 

But the teacher is not to blame if he 
cannot answer these and dozens of 
similar questions. He himself has never 
been told the answers. 


WHERE THE TROUBLE LIES 


The very reasons that exculpate the 
student and the teacher point to the true 
cause of the difficulties: the current sym- 
bolism and prevailing basic procedures 
of mathematics. These are creations of 
the seventeenth century, which, to quote 
again from Russell’s Principles, “however 
fruitful of results, involved a diminution 
of logical precision and a loss in subtlety 
of distinction.” This frame of mathe- 
matics has been left untouched for over a 
quarter of a millennium. Some parts of the 
foundation were frozen at about 1700 and 
have remained so ever since. They still 
satisfy most mathematicians—for the 
simple reason that becoming a mathe- 
matician is practically tantamount to 
getting thoroughly familiar with, and used 
to, that antiquated frame and since, as 
Whitehead once so aptly put it, there is 


a passionate attachment of some 


leaders of thought to the cycle of ideas 
within which they received their own 
mental stimulus at an impressionable 
age.” But that all is not well is clearly 
evinced by the difficulties that beset stu- 
dents and teachers of mathematics. 

What requires a thorough analysis are 
the processes by which, in spite of all 
difficulties, so many beginners do grasp 
the subject or at least acquire an efficient 
manipulative skill. The situation may 
perhaps be described as follows. 

Children learn with amazing ease some 
rather complicated arithmetical conven- 
tions, e.g., that 10 —3 —2 equals 7 —2 (and 
not 10—1), whereas 10—3 X2 equals 10—6 
(and not 7X2). This and much more, if 
their teachers are successful, they learn 
in grade school. Not in explicit rules, 
though. Such rules would be entirely be- 
yond a child’s comprehension. Children 
learn the conventional use of minus and 
times signs by observing what the teacher 
writes and by guessing what he thinks 
while writing. And they begin to con- 
form to the rules in tentative experi- 
ments and by imitating the teacher. This 
means that children learn arithmetical 
symbols just as, a few years earlier, they 
learned English words. They absorb con- 
ventions of arithmetic just as they ab- 
sorbed the conventions of English gram- 
mar. The procedure is so thorough that 
both types of conventions become their 
second nature. 

In high school and during their first 
year in college, adolescents are expected to 
learn algebra and analytic geometry es- 
sentially in the same manner. The terms 
(variable, indeterminate, parameter, etc.) 
are repeated over and over again, some of 
them without precise definitions or even 
clear descriptions of the differences be- 
tween them. This combined with the lack 
of consistent rules for the use of x and y 
simply does not leave the student any 
alternative method of learning. And some 
students do learn algebra. In Johnny’s 
view, some grasp the stuff because they 
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are geniuses, while others only pretend 
that they understand and make the 
teacher think they do so by their peculiar 
way of watching him do problems on the 
blackboard and then doing similar prob- 
lems in tests. Johnny has a point there. 
Indeed, those who pass the course (in- 
cluding the geniuses) learn the use of 
those terms and symbols by observing 
what the teacher writes and by guessing 
what he thinks while writing. They begin 
to conform to the rules in tentative ex- 
periments and by imitating the teacher. 
Well, one might say, this should not be 
too hard for Johnny because it is precisely 
what he did as a child. 

But the clairvoyance that made child- 
ren painlessly learn their native tongue is 
blurred in manv adolescents studying a 
foreign language. Acquiring more than a 
smattering proves to be very, very diffi- 
cult and necessitates formal training in 
vocabulary and grammar. While the 
adult is superior to the child in reasoning 
and in understanding explicitly formulated 
rules, he is inferior in guessing the implicit 
and in instinctively grasping the intent of 
words. In the normal process of maturing, 
the logical faculties sharpen, but the de- 
vinatory powers blunt. As far as mathe- 
matics is concerned, arithmetic is some- 
thing of a native tongue, whereas algebra, 
analytic geometry, and calculus today are 
foreign languages studied in adolescence. 
What Johnny really wants and (of course 
vaguely and inarticulately) asks for are, 
as it were, the vocabularies and grammars 
of these languages. But these the teacher 
cannot give him without, among other 
things, clarifying the differences (left un- 
explained in the current textbooks) be- 
tween the basic concepts, refraining from 
occasional references to white as “black,” 
and abandoning the indiscriminate use of 
x and y in totally diverse meanings. In 
other words, to satisfy Johnny’s con- 
fusedly expressed but clearly justified de- 
mands, time-honored mathematical prac- 
tices must be changed. 

But why, one might ask, are matters 


coming to a head just in this country and 
just at this time? 

The answer to the first question is that 
Johnny, who has a great deal of common 
sense and an incurable foible for calling 
white ‘white,’ has never enjoyed intel- 
lectual acrobatics as much as do his 
cousins abroad. Until recently no one 
cared. Now, all of a sudden, the nation 
desperately tries to sell him mathematics. 
On this buyer’s market he dislikes the 
brand of mathematics offered to him and 
he balks. What may satisfy accomplished 
mathematicians is not good enough for 
Johnny. His naiveté, too often scoffed at, 
does not tolerate that “diminution of 
logical precision’? mentioned by Russell. 
He is disgusted (to the point of dropping 
math) with what appears to him as a 
confusion beyond comprehension. Uncon- 
sciously he aims at regaining some of that 
“Jost subtlety.”” Therefore, in the suit of 
Johnny vs. antiquated mathematical pro- 
cedures, this writer wholeheartedly sides 
with the plaintiff. 

That matters are coming to a head just 
in the 1950s is due to the postwar in- 
crease in the scale at which we dissemi- 
nate (or at least attempt to disseminate) 
mathematico-scientific knowledge, thus, 
in a way, to the democratization of higher 
education. 

Hence, some of the specific causes of 
the trouble just here and just now are 
gratifying indeed. Of course, thisfact makes 
it even more imperative to solve the grave 
problem. 


A PROPOSED SOLUTION 


Simple questions about costs and return, 
which Johnny would rationally attack and 
readily answer on the street at any time, 
in mathematics classes often paralyze his 
brain. The idea of treating the problems 
in the context of algebra or calculus as he 
would treat them in any other connection 
does not even dawn upon him. For he re- 
gards mathematics as detached from, nay 
opposed to, common sense—that com- 
mon sense of which he has more than his 
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share—instead of realizing that mathe- 
matics is the epitome of common sense. 
For the reasons indicated he mistakes 
mathematics as an abracadabra and tries 
to guess the right incantation instead of 
approaching algebra rationally. 

Under these circumstances, the presen- 
tation of mathematics must be absolutely 
and impeccably rational. Even the slight- 
est inconsistency in practices or terms is 
intolerable. Any contradiction, no matter 
how trivial to the initiated, only serves to 
strengthen some beginner’s misconcep- 
tions about magic. The solution of the 
grave problem created by this misunder- 
standing of mathematics is the expurga- 
tion of everything even remotely resem- 
bling nonsense followed by an appeal to 
the students’ common sense. 

Various attempts are being made at the 
present time to revise the presentation of 
the classical system of mathematics. 
Only experiments on a large scale can de- 
cide merits and result in improvements 
of any particular approach. But it may 
perhaps be mentioned that students ex- 
posed to this writer’s clarified treatment 
of the basic concepts and to his articulate 
rules for the use of the basic symbols 
eagerly absorb this vocabulary and this 
grammar of the mathematical languages 
and respond to this new approach enthu- 
siastically. The essence of this treatment 
is summarized in these points: 

1. A clear distinction is maintained be- 
tween numerical variables such as x in (1) 
and variable quantities such as the ab- 
scissa in analytic geometry, e.g., in (4). 
Naturally, the same symbols are not used 
for variables and variable quantities. 
For instance, one may use roman type for 
the numerical variable and italic for the 
abscissa as in 
(1*) x?—1=(x+1)(x—1) for any number x 
(4*) z=4. 


This distinction can easily be maintained 
on blackboards and on paper by writing 


X, % 


for variables and 


for variable quantities. 

2. A clear distinction is maintained be- 
tween the numerical variable x in (1*), 
on the one hand, and the identity function, 
e.g., in (2), on the other. The identity 
function is defined by the process of asso- 
ciating with any number that very same 
number. The result of this process, the 
function assuming for any number x the 
value x, may therefore be considered as 
the class of all pairs (x, x) for any number 
x. While in this definition x is a variable, 
there is nothing variable about the iden- 
tity function itself. Of course, the function 
is denoted by a symbol, say j, different 
from those used as numerical variables. 

3. A clear distinction is maintained be- 
tween a numerical variable such as x in the 
statement 

7 =x-+2 for any number x#2, 


and an indeterminate. The variable is 
meant to be replaced by the designations 
of specific numbers (in fact, of any num- 
ber #2), whereas an indeterminate is not. 
An indeterminate is rather of the nature 
of the imaginary i in 

| 

i—2 
Here, i is not meant to be replaced by 
anything, wherefore no one would dream 
of qualifying the last formula by saying 
“provided i#2.” 

For numerous details of this new ap- 
proach, such as the definitions of variable 
quantities, indeterminates, and parame- 
ters, the treatment of constants, etc., 
the reader must be referred to the author’s 
books. 


3 Karl Menger, The Basic Concepts of Mathematics: 
A Companion to Current Textbooks. (Mimeographed) 
(Chicago: Illinois Institute of Technology Bookstore, 
1956), and Karl Menger, Calculus: a Modern Ap- 
proach (Boston: Ginn and Company, 1955). 
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In the long run, a teacher will be suc- 
cessful only if in the spirit of Russell’s 
humble admission of imperfection he deep- 
ens his insight into mathematics to the 
point where, perhaps contrary to what he 
may have learned or believed, he realizes 
that the material he has to teach urgently 
needs clarification. No one should be sur- 
prised that in unfreezing the 250-year-old 
foundation, the introduction of two or 
three new symbols becomes indispensa- 
ble. What is surprising, and in fact a new 
triumph of Renaissance mathematics, is 
that overhauling its colossal machinery 
‘alls for so few and so small adjustments 
to bring it up-to-date. It is as though in 
building a skyscraper instead of a seven- 
teenth-century chateau all one needs are 
a few extra hammers. 

Getting accustomed to, and initiating 
the beginner into, the use of dissimilar 
symbols for 


(a) variables, 

(b) co-ordinates, 

(c) the identity function, 
(d) indeterminates, 


and he has to initiate the beginner into 
this distinction. Since its maintenance is 
next to impossible within the frame of the 
current theory—that pan-zx-ology in which 
all the diverse concepts (a)—(d) and others 
are denoted by x—one must denote unlike 
concepts by unlike symbols. 

This is a modest price for the resulting 
clarification. It is this clarification that 
enables the teacher to answer dozens of 
otherwise highly embarrassing questions. 
The greatest benefit of the new .approach 
is inherent. Since most of today’s unan- 
swerable questions concern the equivocal 
use of basic terms and symbols, with the 
new approach these questions cannot pos- 
sibly arise. 

Is A NEW APPROACH WORTH THE 
TEACHER’S WHILE? 


The main obstacle to tryouts along 
basically new lines is a reasoning, ap- 
parently prevailing among some research 
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mathematicians. It might be summarized 
as follows, ‘Since for the past two hundred 
years and to this day, all mathematicians 
and scientists have achieved complete 
mastery of mathematics with its time- 
honored procedures and in its traditional 
presentation, and since furthermore, the 
difficulties here discussed do not disturb 
any accomplished mathematician in the 
least, youngsters who cannot cope with 
them must be mathematically utterly 
incompetent. To revise procedures or 
symbols for their sake is not worth any- 
one’s while since their study of mathe- 
matics cannot, under any circumstances, 
be profitable either to those mathematical 
morons themselves or to anyone else.” 

But this reasoning is a dangerous fal- 
lacy. For how can one rule out the possi- 
bility that some quite intelligent young- 
sters, deterred by incomprehensible basic 
material, have gone into other studies or 
occupations and thus never reach the 
mathematical level on which research 
men train talent? How can one even rule 
out the supposition that some logical 
minds are dissatisfied with mathematics 
as presented to them and abandon it at 
an early stage just because of their logical 
abilities? And how can this country with 
its need for trained mathematicians and 
scientists afford to go along with ideas 
that risk the loss of talent, perhaps even 
of especially valuable talent? 

As a matter of fact, statistics seem to 
indicate that this loss of talent is very 
real. The national survey mentioned at 
the beginning of this paper shows that 
among the brighter high school seniors 
alone (that is, the top thirty per cent on a 
test of mental ability) more than forty 
per cent never get beyond the elementary 
phases of mathematics. And, passing 
from the statistics of masses to the indi- 
vidual, this writer will never forget the 
remark of an eminent legal authority, 
renowned for the acumen of his analytic 
mind, when he recalled ““Mathematics is a 
field in which I wasn’t any good in school. 
I never understood what x meant.” 
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Still more on the cutting of squares 


MATHEMATICS STAFF OF THE COLLEGE, l’niversity of Chicago, 


Chicago, Illinois. 


Discussions of this subject in THE MATHEMATICS TEACHER for May 1956 
and October 1956 are here brought to culmination 


in a constructive proof of the theorem 


that any convex polygon vs equivalent to a square. 
The present paper also provides material that supplements material 
in the same vein in The Mathematics Student Journal for December 1956. 


Our First and second papers' on the 
theme of cutting squares dealt with par- 
ticular instances of the general problem: 


Given a figure (or several figures), to 
cut same into parts and rearrange these 
parts in such a way that there results 
another figure (or figures) of some speci- 
fied sort. 


The parts envisaged here are finite in 
number and are polygonal, i.e., have 
boundaries which are straight segments. 
To cut a figure into such parts and re- 
arrange same into another is to transform 
the first figure into the second. Hence our 
general problem can be phrased: Given a 
figure (or several figures), to transform same 
into another figure of some specified sort. 
Our two preceding papers treated the 
following particular instances of this 
general problem: To transform three con- 
gruent squares into a single square 
(Problem I), and conversely to transform 
a single square into three congruent 
squares (Problem II); to transform two 
squares into a single square (Problem III); 
to transform a square into an equilateral 
triangle (Problem IV), and conversely to 
transform an equilateral triangle into a 
square (Problem V); and finally, to trans- 
form a nonrectangular parallelogram into 


1 These are ‘‘A Problem on the Cutting of Squares” 
and “More on the Cutting of Squares” in THe 
MatTuematics Teacuer, XLIX (May 1956), 332-343, 
and (October 1956), 442-454. 


a square (Problem VJ). 

Each of these six problems was solved, 
i.e., appropriate cutting lines were con- 
structed in the given figure(s), and the re- 
sulting parts were proved to rearrange 
into the desired figure. Problems I and II 
were solved in our May paper; Problems 
III, IV, V, and VI were solved in our 
October paper. 

At the end of our second paper we 
raised, but did not answer, two questions: 
(a) Devise a construction by which a 
square is transformed into two congruent 
equilateral triangles; and (b) devise a 
construction by which a square is trans- 
formed into three congruent equilateral 
triangles. It is evident that these questions 
are two particular instances (n=2 and 
n=3) of: 


Problem VII. Given a square, to transform 
it into n congruent equilateral triangles 
(where n is some natural number greater 
than 1 and fixed in advance). 


The first part of the present paper is 
devoted to the solution of Problem VII. 
Once you have worked through this solu- 
tion, you will find it easy to answer the 
above questions. (The case when n=1 is 
omitted from Problem VII because Prob- 
lem IV has already dealt with it.) 

It is clear that particular problems like 
the six solved so far and the seventh 
stated above can be multiplied indefi- 
nitely. We can, for example, ask how a 
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pentagon can be transformed into a 
square; and conversely, we can ask the 
same of a hexagon. But there comes a 
time when our experience with particular 
problems is extensive enough to justify 
confronting a general question: Js there a 
systematic way by which ANY polygon can 
be transformed into a square? The second 
part of the present paper poses this 
question and answers it affirmatively by 
formulating a sequence of steps that is 
guaranteed to transform any polygon into 
a square. An alternative procedure is pos- 
sible and in this connection we show how 
to solve Problem VIII. 


Problem VIII. Given one or more rectangles, 
to transform them into a square. 


The Mathematics Student Journal for 
December 1956 offers another procedure 
that is constructive to compare the one 
here. 

The first part (Solution of Problem 
VII) of the present paper can be read 
without knowledge of our preceding 
papers, though of course a knowledge of 
them is helpful. The second part of the 
present paper makes free use of all seven 
problems solved to that point. Here, as 
for our two previous papers, our main 
source continues to be the recent Russian 
book, The Wonders of the Square, by B. 
Kordiemski and N. Rusalev. 


SOLUTION OF PROBLEM VII 


Problem VII requires us to transform a 
square into n congruent equilateral tri- 
angles, where n is some natural number 
greater than 1 and fixed in advance. Our 
discussion of this problem will indicate 
how the square can be cut and why the 
resulting parts reassemble into n congru- 
ent equilateral triangles. 


Fijure 1 
/ 
\ \/ 


ki 2 


For a clue to the idea behind our solu- 
tion, consider for a moment n congruent 
equilateral triangles, each having a side 
of length x and an altitude of length h. If 
the number n is even, the n triay @@®s can 
evidently be arranged into a_ parallelo- 
gram whose altitude has length h and 
whose base (i.e., longer side) has length 
x-(n/2). These facts are illustrated in 
Figure 1 for the case n= 4. 

If, on the other hand, the number n is 
odd, the n triangles can be arranged into a 
trapezoid whose altitude has length h 
and whose base (longest side) has length 
x-(n+1)/2. These facts are illustrated in 
Figure 2 for the case n=5. Further, it is 
evident from Figure 2 that if an end tri- 
angle of this trapezoid is cut along the ap- 
propriate line of midpoints (e.g., the 
dotted line in Figure 2), the trapezoid can 
be transformed into a parallelogram with 
an altitude of length h and a base again of 
length x-(n/2). 

These remarks make visible the course 
of our solution of Problem VII. Having 
fixed the number of equilateral triangles 
sought, we first transform the given 
square into a parallelogram of suitable 
dimensions; thereafter, we cut this paral- 
lelogram into the desired number of equi- 
lateral triangles in the manner of Figure 
1 or Figure 2. 

Suppose our given square ABCD has a 
side of length a. Suppose we wish to trans- 
form ABCD into n congruent equilateral 
triangles, where n=2. Let x be the length 
of a side of one of these sought-for tri- 
angles and h the length of its altitude. 
Then, of course, h=2x-(+/3/2). 

Our first task is to transform square 
ABCD into a parallelogram whose alti- 
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tude has a length h such that h = - (./3/2), 
and whose base has a length b such that 
b=a2-(n/2). 

Being equivalent to square ABCD, 
this desired parallelogram must have an 
area b-h such that b-h=a?. Since further 
b=x-(n/2) and h=x-(./3/2), it follows 


that 
2 


whence 


ta? 
2 =— 
ny 
and so 
2a 
(1) 


Equation (1) gives x in terms of the two 
known numbers, a and n. Consequently, 
both b and h can be expressed in terms of 
aand n: 


2a n n 
(2) h= =f ’ 
2 VJ/3 


We turn now to the matter of devising 
geometric constructions for segments of 
length b and length h ineintntil Since 


a 


we see from (2) that 


a- 2 


(4) b= /an 


Similarly, since 


a ‘a’ \ ‘3 / a 
=A/ —= —-V/3a? 


/ n- n n 
{ 


-4/* a> 


it follows from (3) that 


(5) h= a: 


Formula (4) makes evident how a seg- 
ment of length b can be obtained by two 
successive mean-proportional construc- 
tions: first the mean proportional between 
segments of lengths a and a/3 respec- 
tively, then the mean proportional be- 
tween the segment resulting therefrom 
and a segment of length an. Figure 3 il- 
lustrates these steps. Having marked on 
AB extended the point H such that 
(BH) =a/3, we locate point R so that 
(BR) is the mean proportional between a 
and a/3. (Reeall our convention that 
‘(XY)’ stands for the length of segment 
XY.) The second step of the construction 
wey for the mean proportional between 
(BR) and an. Figure 3 illustrates this step 
for two cases, n=4 and n=5. On AB ex- 
tended mark Q such that (AQ) =4a and 
Q’ such that (AQ’) =5a. Mark R’ so that 
(AR’)=(BR). Finally, locate S so that 
(AS) is the mean proportional between 
(AR’) and (AQ), and S’ so that (AS’) is 
the mean proportional between (A F’) and 
(AQ’). Segment AS has the required 
length b for the case n=4, and segment 
AS’ has the required length b for the case 
n=6. 

These remarks based on formula (4) 
can be paralleled for formula (5). Thus 
we may count ourselves in possession of 
constructions that yield segments of 
lengths b and h respectively. 

It is now a simple step to construct a 
parallelogram with dimensions 6 and h, 
and a base angle of 60°, and to cut it into 
n equilateral triangles according to the 
scheme of Figure 1 or Figure 2. A simple 
step—but a useless one. Our aim is to 
devise a cutting of square ABCD into 
parts which reassemble into n equilateral 
triangles. The procedure just mentioned 
gives us the required n triangles, but 
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sheds no light whatever on how to cut 
square ABCD into parts that reassemble 
into these n triangles. 

Let us go back to square ABCD, and 
devise a cutting under which it trans- 
forms into a parallelogram with dimen- 
sions 6 and h. 

Given a square ABCD of side a, and 
given a fixed natural number n greater 
than 1, we have seen how to construct a 
segment of length b, where b=a+/n/V/3. 
With this segment as radius and B as 
center, mark on CD or its extension a 
point FE such that (BE) =b, and draw seg- 
ment BE. (This construction is possible 
i.e., provided b >a, i.e., provided +/(n/+/3) 
>1, provided n>+/3, i.e., provided the 
natural number n is 2 or greater than 2; 
precisely our assumption about n.) On 
DC mark the point F such that (EF) =a. 
Finally, draw the parallelogram BEFG 
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having segments BE and EF as two of its 
sides. Diagram (2) of Figure 4 illustrates 
these steps when n=4; Diagram (77), when 
n=5. 

It is evident from Figure 4 that paral- 
lelogram BGFE is equivalent to square 
ABCD, for our construction of BGFE 
supplies cutting lines in ABCD which ob- 
viously divide ABCD into parts that re- 
assemble into BGFE. Therefore, since 
parallelogram BGFE has a base of the 
desired length b prescribed in (2), it nec- 
essarily has an altitude of the desired 
length h prescribed in (3) because b-h =a’. 
Thus we have obtained a parallelogram 
equivalent to our original square and hav- 
ing the desired linear dimensions. 

We remark parenthetically that our con- 
clusions about parallelogram BGFE could 
have been reached more quickly (but per- 
haps less perspicuously) as follows: De- 


D 
EX 
\ 
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Figure 4 


rive (2) and (4) as above while omitting 
(3) and (5). Utilize the construction of 
Figure 3 to obtain Figure 4; then conclude 
by the very last part of our solution of 
Problem VI? that parallelogram BGFE is 
equivalent to square ABCD and hence has 
the desired linear dimensions b and h. 
While parallelogram BGFE of Figure 
4 has the desired linear dimensions ) and 
h, it need not have the desired angular 
dimensions, viz. Z FEB may not be 60°. 
Our next step insures that BGFE shall 
also have the desired angular dimensions. 
From Figure 4 we obtain Figure 5 by 
drawing segments EK and BL such that 
ZKEB=ZBLF=60°. Diagram (7) of 
Figure 5 illustrates these steps when 
n=4; diagram (77), when n=5. Consult- 
ing Figure 5 we see that when triangle 
BLG is translated to position EKF, there 
is obtained a parallelogram BLKE with 
the desired linear and angular dimensions. 
The segment from A to BE parallel to 
BL indicates the extra cut required to 
divide square ABCD into parts that 
reassemble into parallelogram BLKE. 


2See ‘More on the Cutting of Squares,” Tue 
MatuHematics XLIX (October 1956, 453). 


The solution of our original problem is 
now quickly completed. In the parallelo- 
gram BLKE draw segments which divide 
BLKE into n congruent equilateral tri- 
angles. If n is even, the division comes out 
exactly (recall Figure 1); if n is odd, we 
first obtain from BLKE n—1 equilateral 
triangles and then get the desired extra 
triangle by dividing the small residual 
parallelogram appropriately (recall Figure 
2). Diagram (i) of Figure 6 illustrates this 
step when n=4; diagram (ii), when n=5. 
Notice in diagram (ii) that the desired 
fifth triangle is obtained by drawing in 
parallelogram BLMQ the segment 
from M to the midpoint N of BL and 
rotating triangle NLM into postion BPN. 

Our final step is to add to square ABCD 
the extra segments which complete the 
partition of ABCD into parts that reas- 
semble into the desired n equilateral tri- 
angles. This addition is a simple matter. 
We illustrate it in Figure 7, labelling con- 
gruent parts with the same numeral. 
Diagram (i) of Figure 7 thus shows us how 
square ABCD may be cut into nine parts 
which reassemble into four congruent 


Figure 5 
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equilateral triangles. Diagram (ii) simi- 
larly shows how ABCD may be cut into 
eleven parts which reassemble into five 
such triangles. Our solution of Problem 
VII is now complete. 


PRELIMINARIES TO THE GENERAL QUESTION 
OF TRANSFORMING A POLYGON 
INTO A SQUARE 


Basic to our whole discussion of the 
cutting of figures to obtain other figures 
is the fundamental theorem of geometry 
cited at the outset of our first paper: 
If two given polygons have equal areas, 
then either of them can be subdivided into a 
finite number of polygonal parts which, 
upon rearrangement, form the other given 
polygon (i.e., form a polygon congruent 
to the other given polygon). 

This theorem tells us that in principle 
it is always possible to solve the general 
problem stated at the beginning of this 
paper: Given a figure, to transform same 
into another figure of some specified type. A 
solution of this general problem comprises 
a construction of appropriate cutting lines 


in the given figure, and a proof that the 
resulting parts reassemble into the desired 
sort of figure. Now it is one thing to know 
there must be a solution, but another to 
produce a solution, and still another to 
establish a “‘best’’ solution, the one re- 
quiring the smallest number of cuts in the 
given figure. The remainder of the present 
paper will center around a constructive 
proof of the theorem: 


Any polygon can be transformed into a 
square. 


By proving this theorem we establish 
an important special case of the funda- 
mental theorem cited above. By proving 
this theorem constructively we show how 
by an explicit method ¢o produce a solution 
of an important special case of the general 
problem stated above. 

First, let us be clear about the meaning 
of the term “polygon” in our theorem. 
All of us know that a polygon is a closed 
figure bounded by straight segments and 
comprising all the points in its interior and 
on its boundary. Some examples of poly- 
gons are shown in Figure 8. 

Now, of the polygons shown in Figure 
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8, some have boundaries that divide the 
plane into exactly two regions and some 
have boundaries that divide the plane 
into more than two regions. Thus each of 
polygons (ii), (iii), (iv), and (v) has a 
boundary that divides the plane into 
exactly two regions—an interior and an 
exterior. The boundary of polygon (i) 
divides the plane into three regions—two 
interiors and one exterior. The boundary 
of polygon (vi) also divides the plane into 
three regions—one interior and two exte- 
rior. (To decide into how many regions the 
boundary of a polygon divides the plane, 
simply imagine the plane to be cut along 
the segments that compose the boundary 
of the polygon. The number of separate 
pieces that result is the number of regions 
into which the boundary divides the 
plane.) 

When the term “polygon” is used in 
elementary geometry, what is meant is a 
polygon whose boundary divides the 
plane into exactly two regions. Let us call 
such polygons ordinary polygons. Thus 
polygons (ii) (iii), (iv), and (v) of Figure 
8 are ordinary polygons, while polygons 


(i) and (vi) are not. The theorem we are 
now discussing is valid when “polygon” 
is understood to mean “ordinary poly- 
gon.”’ However, the proof we shall give 
below of this theorem only applies to a 
special kind of ordinary polygon. What 
this special kind is we now make clear. 

In a polygon pick any two points, and 
draw the segment joining them. This 
segment may lie entirely within the poly- 
gon under consideration, or it may not. If 
for every pair of points in a polygon, the 
segment joining them lies within that 
polygon, the polygon is said to be convex. 
Of the polygons in Figure 8, only polygon 
(v) is convex. Polygon (ii) of Figure 8 is 
not convéx because we can find in it two 
points (e.g., A and B in Figure 9) whose 
connecting segment passes outside the 
polygon. There are numerous examples 
of convex polygons in addition to (v) in 
Figure 8. E.g., any triangle is convex, and 
so likewise is any parallelogram. 

There is a beautiful mathematical 
theory of convex figures which we hope 
we may someday present in the pages of 
Tue Maruematics Teacher. We need 
essentially nothing of that theory now, 
however, and content ourselves with the 
obvious remark that 7f a polygon is convex, 
then it is ordinary. (The converse of this 
remark is false, as Figure 9 makes plain.) 

The theorem we shall now prove runs: 
Any convex polygon can be transformed 
into a square. Which is to say, in the state- 
ment of this theorem displayed four para- 
graphs back, we understand “polygon” 
to mean “convex polygon.”’ While the 
convex polygons are a special kind of or- 
dinary polygon, all of the familiar poly- 
gons (triangles, parallelograms, squares, 
etc.) are convex—hence a proof of this 
theorem is of considerable value. 


Fiqure 9 
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Before launching into the proof, let us 
give a synopsis of it. Basically, our proof 
consists in working out one of the possible 
schemes for transforming an arbitrary 
convex polygon into a square. The im- 
portant stages in the chosen scheme of 
transformation are singled out as lemmas, 
or auxiliary theorems. First we show that 
(1) any convex polygon can be partitioned 
into some definite number of triangles and 
that (2) any triangle can be divided into 
parts which reassemble into a parallelogram. 
In view of (2), each of the triangles ob- 
tained from the original convex polygon 
in accordance with (1) can be transformed 
into a parallelogram. We have already 
learned how (3) each parallelogram can be 
transformed into a square. Hence, once 
we show that (4) if each of two polygons 
separately can be transformed into the same 
third polygon, then the first polygon can be 
transformed into the second, it follows from 
(2) and (3) that (5) any triangle can be 
transformed into a square. Thus each of the 
triangles obtained from our original con- 
vex polygon can be transformed into a 
square. These squares are then composed 
into a single square with the help of the 
fact that (6) any two squares can be trans- 
formed into a single square. 


A PROOF OF THE THEOREM THAT ANY 
CONVEX POLYGON CAN BE TRANS- 
FORMED INTO A SQUARE 


We now prove the theorem: Any conver 
polygon can be transformed into a square, by 
following out the scheme of transforma- 
tion just outlined. 

Lemma 1. Any convex polygon can be 
partitioned into some definite number of tri- 
angles. 


Figure 10 


Proof. Pick a vertex of any convex 
polygon and draw all the diagonals of the 
polygon that lead from that vertex. (Any 
such diagonal is a segment which is not a 
side and which leads from the selected 
vertex to some other vertex of the poly- 
gon). These diagonals divide the convex 
polygon into triangles. If the original 
convex polygon has n sides, then it has n 
vertices, n—3 diagonals from a given 
vertex, and falls into n—2 triangles when 
cut along these diagonals. The number 
n—2 is the “some definite number’’ re- 
ferred to in the lemma. These considera- 
tions are illustrated in Figure 10 for the 
nase n=6. 

Lemma 2. Any triangle can be trans- 


formed into a nonrectangular parallelogram 


whose base is congruent to some side of the 
triangle and whose altitude has a length half 
that of the corresponding altitude of the tri- 
angle. 

Proof. In an arbitrary triangle A BC (see 
Figure 11) mark midpoint D of AC and 
midpoint FL of BC. Draw segment DE and 
extend same to its intersection F with 
the line BF, drawn through vertex B 
parallel to AC. Triangles CDE and BFE 
clearly are congruent. Hence the paral- 
lelogram ABFD is equivalent to (has the 
same area as) triangle ABC. Further, 
parallelogram 4ABFD has for its base the 
side AB of the given triangle and an alti- 
tude whose length is half the length of 
the altitude of triangle A BC to AB. 

If triangle ABC is not a right triangle, 
parallelogram ABFD is obviously non- 
rectangular. If triangle ABC is a right 
triangle, parallelogram ABFD produced 
by our construction may be rectangular— 


Figure 11 


592 The Mathematics Teacher | December, 1956 


ra 

| 

‘ E 
A 


but will not be if the vertex having the 
right angle is labelled “C”’ (which can al- 
ways be arranged by relabelling the ver- 
tices). 

Lemma 3. Any nonrectangular parallelo- 
gram can be transformed into a square. 

Proof. The proof of this lemma consists 
in the solution of Problem VI given in our 
previous paper, “More on the Cutting of 
Squares. 

Lemma 4. If each of two polygons sepa- 
rately can be transformed into the same 
third polygon, then the first polygon can be 
transformed into the second. 

Proof. Suppose we are given two poly- 
gons, P and Q. Suppose P can be trans- 
formed into a third polygon R, and that Q 
can also be transformed into R. Which is to 
say, suppose P and R can each be cut 
into parts that are pairwise congruent, 
and likewise Q and FR can each be cut into 
pairwise congruent parts. (The component 
parts of P and of R may, of course, bear 
no resemblance to the component parts of 
(2 and R; also the number of parts of P 
and R may differ from the number of parts 
of Q and R.) 

Now refer to Figure 12, which shows 
three copies of polygon R. Diagram (i) 
of Figure 12 represents a possible cutting 
of R into parts that reassemble into the 
polygon P not shown in the figure. These 
parts are labelled P;, P2, P3, and P, re- 
spectively. Diagram (ii) represents a pos- 
sible cutting of R into parts that reas- 
semble into polygon Q not shown in the 
figure. These parts are labelled Q:, Qe, Qs, 
and (, respectively. 

In polygon FR let both systems of cut- 
ting lines, that of diagram (i) and that of 


” 


Figure 12 


diagram (ii), be drawn and the result is 
that shown in diagram (iii) of Figure 12. 
From the larger number of smaller parts 
obtained in diagram (iii), one arrange- 
ment can produce each of parts Pi, Po, 
P3, and P, of polygon P (e.g., parts 1 and 
2 together compose P;, parts 3 and 4 and 
5 together compose P», etc.) and hence the 
complete polygon P. Another arrange- 
ment can produce each of parts Q:, Qs, Qs, 
and Q, of polygon Q (parts 5 and 8 to- 
gether compose Q), parts 2, 4, and 7 com- 
pose Qs, etc.) and hence the complete 
polygon Q. 

Thus, using the same parts of R but 
arranging them differently, we can obtain 
from R both the polygon P and the poly- 
gon Q. It follows from this that polygon 
P can be transformed into polygon Q, 
i.e., that P can be suitably partitioned and 
the resulting parts rearranged into Q. 

Lemma 5. Any triangle can be trans- 
formed into a square. 

Proof. This result follows from Lemmas 
2,3 and 4. 

Lemma 6. Any two squares can be trans- 
formed into a single square. 

Proof. The proof of this lemma con- 
sists in the solution of Problem III given 
in “More on the Cutting of Squares. 

Together, these six lemmas establish 
that any convex polygon can be trans- 
formed into a square. Our proof is com- 
plete. 


MISCELLANEOUS COMMENTS ON THE 
THEOREM AND ITS PROOF 


The six lemmas of our proof can be re- 
garded as six steps in a method by which 
we pass from a convex polygon to an 
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equivalent square. Our proof thus consti- 
tutes an algorism for solving the general 
problem of transforming a convex polygon 
into a square. It is because of this algoris- 
mic feature that we say our proof is a 
constructive one. 

Now clearly if one figure can be trans- 
formed into a second, then by that very 
fact the second figure can be transformed 
into the first. Thus from our theorem it 
follows that a square can be transformed 
into a conver polygon of any specified 
shape. Note that the proof of this conelu- 
sion is nof a constructive one. 

Suppose we are given a convex polygon 
and asked to transform it into a square. 
We could follow the six steps of our gen- 
eral method (the six lemmas constituting 
our proof) and at the end produce the 
desired square. Almost always, however, 
this construction entails many superflu- 
ous cuts. In each concrete case, therefore, 
there remains the problem of constructing 
the square with fewer cuts 

Although we have proved that any con- 
vex polygon can be transformed into a 
square, we have observed that any or- 
dinary polygon can be transformed into a 
square. Our proof fails to establish the 
more general result about ordinary poly- 
gons precisely because our proof of Lemma 
1 is valid only for convex polygons. It is 
possible to prove constructively a stronger 
version of Lemma 1: Any ordinary polygon 
can be partitioned into some definite number 
of triangles. Once this is done, our remain- 
ing lemmas 2 through 6 combine with it to 
give a proof of the more general theorem. 
We have not proved this stronger version 
of Lemma 1 because the proof is based on 
considerations lying outside the familiar 
tradition of plane geometry. 


A DIFFERENT PROOF OF OUR THEOREM 


Another systematic way to transform 
an arbitrary convex polygon into a square 
follows. (1) Cut the convex polygon into 
triangles. (2) Transform (by one cut) each 
triangle into a parallelogram. (3) Trans- 
form (by one cut) each parallelogram 
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into a rectangle. (4) Transform all these 
rectangles into rectangles having con- 
gruent bases, and finally (5) stack these 
rectangles into one large rectangle and 
transform this last into a square. 

This scheme of transformation provides 
a basis for a different constructive proof 
of our theorem that any convex polygon 
can be transformed into a square. As 
earlier, so here important stages in the 
proof can be summarized into lemmas. 

The first stage sees the use of lemma 1, 
already in hand. The second stage re- 
quires lemma 2, also already established. 
Actually, in view of the third stage, we 
can make free use of the method expressed 
in the proof of lemma 2 without concern 
as to whether it produces a rectangular 
parallelogram. The third stage requires a 
new lemma to the effect that any paral- 
lelogram can be transformed into a rec- 
tangle; however, the construction and 
proof behind this transformation are so 
simple (see Figure 13) that we shall not 


dignify it into a lemma. 


2 ! 


Figure 13 


It is in the fourth and fifth stages that 
we reach nontrivial questions requiring 
attention. We treat these questions by 
stating their essential element as lemmas 
and then proving them. Once these mat- 
ters are in our possession, so is the new 
proof of our theorem. 

Stage four requires that we transform 
several rectangles into rectangles having 
congruent bases. The key here is the fol- 
lowing lemma: 

Lemma 4a. Any rectangle can be trans- 


formed into another rectangle, one of whose 


sides has an arbitrary prescribed length. 

Proof. We divide our proof into five 
cases. 

Case (i). Suppose we are given rec- 
tangle ABCD, and suppose the equivalent 
rectangle sought is to have a side whose 
prescribed length is greater than that of 
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Figur e 14 


the smaller side of ABCD but less than 
that of the diagonal of ABCD. 

We now construct Figure 14 in the fol- 
lowing way. On the extension of side CD 
mark point £ such that segment AF is 
congruent to the prescribed side of the 
desired rectangle. From vertex B draw 
a line parallel to AZ. From A and from E 
draw segments AF and LK perpendicular 
to the parallel just drawn through B. 
Let the points of intersection of CD with 
BK and AF be labelled L and N. Next, 
observing there is a unique natural num- 
ber n such that’ 


(EN) S(AB) <(n41)-EN), 


let us begin at vertex A and on side AB 
lay off the segment LN successively n 
times. Let As, Az, , A, be the suc- 
cessive points of subdivision and from 
them draw segments parallel to AF. The 
parallels from A;, Ana cut 
LD at points Ne, ---, respec- 
tively. The parallel from A, cuts BL at 
the point W. Should it be the case that 
n:-(EN)=(AB), then both A, and M co- 

3 The existence and uniqueness of this number n 
go back to the foundations of the theory of segment 
measurement. The critical item there is the so-called 
Axiom of Archimedes, which says: If segments X Y and 
UV are such that (XY Y) <(UV), then there is a natural 
number n such that (XY) S( UV) <(n+1): (XY). 
[Recall again that (XY) is the length of segment 


incide with vertex B. Finally, begin at 
and in the same way lay off on KK the 
segment AN successively (it can be laid 
off n times, too). Take 
Ek, to be the successive points of sub- 
division, and from them draw segments 
parallel to EN. The parallels from 

-, H,-1 meet AF at F;, Fo,---, 
F,, respectively. The parallel from E£,, 
meets KF at W,. Again, FE, and M, will 
both coincide with K should it be the case 
that n-(EN) =(AB). 

It follows from the construction that 
the parts of Figure 14 labelled with the 
same numerals are congruent. The part 
labelled 1 is common to both rectangles 
ABCD and AFKE. Hence _ rectangles 
ABCD and AFKE are equivalent, where 
AFKE has a side (it is HA) of the pre- 
scribed length. 

Case (ii). Now suppose the equivalent 
rectangle sought is to have a side whose 
prescribed length is greater than that of 
the diagonal of the given square. 

To use the same Figure 14, let us sup- 
pose here that AF KE is the given rec- 
tangle. Extend KF to the point B such 
that AB has the icngth prescribed for a 
side of the rectangle sought. Draw EC par- 
allel to AB, and both AD and BC per- 
pendicular to EC. On sides EK and AF 
lay off from F and from A successive seg- 
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ments equal to AN, and draw segments 
etc. With the help of analogous 
constructions, matching (congruent) parts 
can be drawn in ABCD and our construc- 
tion of the cutting lines in AF KE verified. 

Case (ili). Finally, suppose the equiva- 
lent rectangle sought is to have a side 
whose prescribed length is smaller than 
that of either side of the given rectangle. 

Again, take AFKE of Figure 14 to be 
the given rectangle. Through vertex EF 
draw a line EC whose perpendicular dis- 
tance from A is the length prescribed. 
(This means that in Figure 14 we are 
assuming segment AD to have the pre- 
scribed length.) Constructions from here 
on are analogous to previous ones. 

Cases (iv) and (v). The two remaining 
cases are: (iv) the prescribed length is the 
same as that of the shorter side of the 
given rectangle; and (v) the prescribed 
length is the same as that of the diagonal 
of the given rectangle. Case (iv) clearly 
presents no problem since it requires no 
transformation. As for case (v), if the 
prescribed side is congruent to the di- 
agonal of the given square, then the 
other side of the rectangle sought must 
have a length less than that of either side 
of the given rectangle. Thus we need only 
construct a segment whose length is that 
of the shorter side of the desired rec- 
tangle, and then use this shorter side in the 
fashion of case (ili). Figure 15 shows a 
construction for the shorter side. Pre- 
supposing that the given rectangle is 
ABCD and that the diagonal AC thereof 
is congruent to the prescribed side, the 
construction in Figure 15 furnishes the 
desired shorter segment AX such that 
(AX)-(AC) =(AD)- (AB). 

Lemma 5a. Any rectangle can be trans- 
formed into a square. 

Proof. Given a rectangle ABCD (see 
Figure 15), its area is (AD)-(AB) and so 
the side of the square equivalent to 
ABCD must have a length (AD) - (AB). 
We construct a segment of this length 
using the familiar mean-proportional con- 


struction. Since the length /(AD)-(AB) 
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Figure 15 


is clearly greater than that of the shorter 
side of ABCD and at the same time shorter 
than that of the diagonal of ABCD, we 
are in the situation treated under case 
(i) of the proof of Lemma 4a. Applying 
the method of case (i), we transformed 
ABCD into a square as desired. 

Lemmas 4a and 5a provide the necessary 
keys to stages four and five of our alter- 
native scheme of transformation. They 
thus enable us to give an alternative proof 
of the theorem that any convex polygon 
can be transformed into a square. 

We remark, finally, that the proof of 
Lemma 5a amounts to a solution of the 
problem of transforming a rectangle into 
a square; and proofs of Lemmas 4a and 5a 
together show how to transform several 
rectangles into a square. Thus we also 
have a solution to Problem VIII. 


Problem VIII. Given one or more rectangles, 
to transform them into a square. 


CONCLUDING COMMENT 

The three papers of our series have pre- 
sented solutions of eight problems involving 
the transformations of figures. The meth- 
ods of these solutions, together with the 
theorem and its proofs, give us an approach 
to any problem of this general type. Our 
task now is to confirm our knowledge and 
skill by exercises. We shall turn to such 
exercises in our next paper. 
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What do we mean? 


ROBERT E. 


K. ROURKE, Kent School, Kent, Connecticut, 


and MYRON F. ROSSKOPF, Teachers College, 


Columbia University, New York City. 


An examination of the meaning of (1) some key mathematical words 


frequently used in mathematics classes, 


and (2) some words not so frequently used but which are rapidly 
becoming known and used in secondary circles. 


EVERY TEACHER knows that it is easier to 
teach skills than to teach concepts. More- 
over, skills are easier to evaluate, and their 
acquisition gives a student, his teacher, 
and his parents a glow of achievement. 
But sometimes the amount of real achieve- 
ment is illusory. Mathematics has often 
been called a system of ideas. To slight 
the ideas is to deprive the subject of its 
essence, regardless of how many correct 
answers may have been obtained. 

All of us have at times entered upon the 
boggy ground of the “good enough.” 
We settle for a definition that is in faet 
no definition, or we accept a form of solu- 
tion that is incorrect but easy to write 
down, or we drill at the steps of a process 
without giving adequate insight into 
what is going on. Of course we know that 
this is inexcusable, but time is short, we 
are busy, and the students are slow. Then 
comes the day of questioning: Student A 
can find no mistake in his solving a certain 
equation, but the check fails to work. 
What has happened to the algebra? Stu- 
dent B wonders why he must prove two 
theorems in his locus problems. Doesn’t 
the second theorem always turn out to be 
true? Student C can draw a beautiful 


1 The writers wish to express their appreciation of 
the suggestions made by all those who read an 
earlier draft of this paper. In addition, they are in- 
debted to Professor Robert M. Exner, Syracuse Uni- 
versity, for a number of pertinent comments. 


graph, but he can get no information from 
it. Why do the co-ordinates of a point of 
intersection satisfy both equations of the 
system? 

The authors venture the opinion that 
sometimes fewer problems done with more 
attention to the concepts behind the proc- 
esses would produce more worth-while 
results. The purpose of the present article 
is to attempt to show how the idea of 
necessary and suffcient or if wd only if 
conditions may add more .neaning and 
insight to common topics in secondary 
school mathematics. 


NECESSARY AND SUFFICIENT CONDITIONS 


One of the difficult ideas for students of 
mathematics to appreciate and to use 
effectively is that of necessary and suffi- 
cient conditions. What is a necessary con- 
dition? What is a sufficient condition? In 
fact, just what is a condition? Conditions 
play an important role in mathematics. 
It seems as if it would be well for us to 
investigate answers to each of these ques- 
tions. 

Some mathematicians say that the 
language of “necessary and sufficient” is 
losing ground and that the language of 
“if and only if” is being substituted. This 
is probably true, and yet there is still wide 
use of the “necessary and sufficient” lan- 
guage; there seem to be situations where it 
is more natural than the “if and only if” 
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language. We shall attempt in our dis- 
cussion to use both means of describing 
certain statements. Then a reader can 
make his own choice between them. 

As we attempt to analyze the use of the 
word “condition” in mathematics, it 
seems that a condition is expressed by a 
sentence in which there are occurrences of 
some sort of place holder. For example, 
the check form of a bank checking account 
contains a condition, “Pay to the order of 
the blanks are place holders. Another sort 
of place holder is x in the condition x< 4. 
(In mathematical logic such place holders 
are called occurrences of free variables.) 
A condition is not a statement, a sentence 
that is either true or false. Thus, the 


sentence, 
r is a rectangle, 


is a perfectly good sentence; it is also a 
condition. But we cannot tell whether it 
is true or false until we have more informa- 
tion about the place holder r. However, if 
a particular name is substituted for r, 
then the condition becomes an ordinary 
statement, which is either true or false. 
That is, if for the place holder r in the 
foregoing sentence we substitute the name 
ABCD of a square, then we have a state- 
ment, 


ABCD is a rectangle, 


which we know to be true from certain 
facts of Euclidean plane geometry. 
As another example, consider the equa- 


tion 
—32+4=0. 


The equation is a sentence that is neither 
true nor false; we say it is a condition on z. 
When we substitute a number for z, we 
get a statement and we can say that the 
resulting statement is either true or false. 

With the foregoing discussion and de- 
scription of a condition, we are ready to 
investigate “necessary condition” and 
“sufficient condition” usage in mathe- 
matics. In what follows, we shall under- 


Zz 


stand by g a variable whose range is all 
quadrilaterals. Furthermore, all substitu- 
tions for q will be names of quadrilaterals. 
Such a substitution will be called a sub- 
stitution instance. 

Suppose we have the following two 
conditions on q: 


(1) q is a square, and 


(2) each of q’s angles is a right angle. 


Then, to say that (2) is a necessary condi- 
tion for (1) is to assert: 


For all q, if q is a square, then each of 
q’s angles is a right angle. 


Or, we can write: 


For all g, a necessary condition for q 
to be a square is that each of q’s angles 
be a right angle. 


However, (2) is not a sufficient condition; 
it does not guarantee that “g is a square” 
will be satisfied for all substitution in- 
stances of g. When we make this assertion, 
we are saying: 


For some q, each of q’s anglgs is a right 
angle and q is not a square. 


Clearly, if ABCD is the name of a rec- 
tangle and is substituted for q the assertion 


is true. 
In order to exhibit a sufficient condi- 
tion, let us introduce another condition: 


(3) q has four equal sides. 


Now, we can assert: 


For all q, (2) and (3) imply (1).? 


2 We follow the practice, which seems quite 
prevalent in mathematics, of using various forms of a 
sentence interchangeably. All of these forms are con- 
sidered to have the same meaning. For example, the 
sentence, “If n is an even number, then n is exactly 
divisible by 2,” might appear in any of the forms: (a) 
n is an even number implies n is exactly divisible by 2; 
(b) n is an even number only if n is exactly divisible 
by 2; (c) n is exactly divisible by 2 is a necessary con- 
dition for n to be an even number; (d) n is an even 
number is a sufficient condition for n to be exactly 
divisible by 2; (e) n is exactly divisible by 2 if n is an 
even number. 
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Or, stated in an equivalent form: 
For all q, if each of q’s angles is a right 
angle and q has four equal sides, then 
q is a square. 


Thus, (2) and (3) are sufficient for (1). It 
is clear that (2) and (3) are also necessary, 


since 
(1) implies (2) and (3). 


That is, (2) and (3) are necessary and 
sufficient to guarantee that “g is a square” 
will be satisfied for all substitutions for gq. 
In other words: 

For all g, q is a square if and only if 

each of q’s angles is a right angle and 

q has four equal sides. 


Two examples will serve to indicate the 
strength of conditions. If a quadrilateral 
has four 10-inch sides and each of its 
angles is a right angle, these conditions are 
sufficient to make the quadrilateral a 
square. But these conditions are not nec- 
essary, for the sides of the quadrilateral 
might each be 5 feet long and the figure 
would still be a square. 

Suppose: 

A man can be admitted to a show if 

and only if he has 90¢. 


A man’s possession of 75¢ is a necessary 
condition for his admission, but it is not 
sufficient. On the other hand, a man’s 
possession of $5 is a sufficient condition 
for his admission but not necessary. A 
man’s possession of 90¢ is both necessary 
and sufficient for his admission to the 
show. 
Locus 

Pedagogically a concept of locus easily 
appreciated by high school students is that 
of a moving point—the so-called dynamic 
approach to locus. However, logically the 
static approach is the sounder of the two. 
According to the latter concept, a locus 
is a set of points satisfying a certain condi- 
tion. The locus consists of all those points 
and only those points satisfying the con- 
dition. This description of a locus asserts: 


If a point is on the locus, then the 
point satisfies the condition of the 
locus, 

and 
if a point satisfies the condition of the 
locus, then it is on the locus. 


In other words, the description of a locus 
problem specifies a condition that it is 
necessary and sufficient for all points be- 
longing to the locus to satisfy. To make 
the discussion clearer, let us consider a 
specific statement: 
What is the locus of a point equidis- 
tant from two intersecting lines? 

Everyone knows the correct answer, but 
let us examine the statement from the 
point of view of a careless plane-geometry 
student. Such a student might be satisfied 
with Figure 1. He might say to himself, 
“Points E and G are equidistant from AB 
and CD. These points seem to lie on the 
bisector of the angle between lines AB 
and CD. Therefore, I must prove that the 
bisector EG is the locus.’’ Now, if he tries 
to prove this conjecture, how far can he 
get? He might show, for any point F: 


If F is on the bisector LG, then F is 
equidistant from AB and CD. 


But how does he know that he may not 
have missed some points? He does not 
know, since he has not shown that, for 
any point F: 

If F is equidistant from AB and CD, 
then F is on EG. 


Figure. 1 


What do we mean? 599 


c By 
/ \ | 
/ 
\ / 
A D 
P 


A student with more insight might point 
out that there are two pairs of angles 
between AB and CD, and he might add 
the bisector of the second pair of angles to 
his description of the locus. This student 
is in a position to show that the two bi- 
sectors make up the correct locus. There 
are no extra points and there are no points 
missing. The second student can now 
prove, for any point F: 

If F is on a bisector, then F is equi- 

distant from AB and CD, 


and 
if F is equidistant from AB and CD, 
then F is on a bisector. 


Why does a locus statement assert 
two statements to prove? It seems to us 
that the answer lies in having to reply to 
the question: How do you know that you 
have not missed some points satisfying the 
condition of the locus or included some 
points that do not satisfy the condition of 
the locus? The question can be answered 
only by establishing the sufficiency of the 
stated condition of the locus in addition 
to its necessity. 

The foregoing example illustrates one 
point that we wished to make. If the as- 
sertion of the sufficient condition is not 
proved, some points satisfying the condi- 
tion of the locus may be missed. That is, 
for a locus we must always prove an asser- 
tion of the following sort. For any point 
F: if F satisfies the condition of the locus, 
then F lies on the locus. 

Consider the following example which 
illustrates our second point. If the asser- 
tion of the necessary condition is not 
proved, some points that do not satisfy 
the condition of the locus may be in- 
cluded in a description of the locus. The 
statement of the problem is: 

What is the locus of a point P at 

which a fixed line segment AB sub- 

tends a right angle? 
Most people would say the locus is a circle 
with AB as diameter. It is true that, for 
any angle APB: 


If angle APB is 90°, then P is on the 
circle with AB as diameter. 


That is, the sufficient condition is satis- 
fied. For any point P: if P satisfies the 
condition of the locus, then P is on the 
locus. However, consider the necessary 
condition. For any angle APB: 
If P is on the circle with diameter AB, 
then angle APB is a right angle. 


A careful examination of the statement 
shows that the circle described contains 
two points P for which the condition of 
the locus is not satisfied. These are the 
end-points of the given segment AB; 
when P is at either A or B, angle APB 
does not exist. 

The statements concerning a locus 
problem and the statements concerning 
the graph of an equation use similar 
language. Of course, we should expect the 
similarity in language because the graph 
of an equation can be described as follows: 
The graph of an equation consists of 
those points and only those points whose 
co-ordinates satisfy the equation. 

In analytic geometry we usually begin 
the derivation of the equation of a circle, 
for example, by saying: 

A circle is the locus of a point at a 

given distance from a given fixed 

point. 


If the given point is the origin and the 
given distance is r units, we then show 
that z?+7*=r? is the equation of the 
circle. What we have done is to prove two 
statements. For any point P whose co- 
ordinates are (x, y): 

If the co-ordinates of P satisfy 2? 

+y’?=r*, then P is at distance r units 

from the origin, 


and 
if P is at distance r units from the 
origin, then the co-ordinates of P 
satisfy 2?+y? =r’. 

A statement equivalent to the foregoing 

two statements follows. For any point P 
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with co-ordinates (x, y): 


The co-ordinates of P satisfy 2° 
+y’?=r° if and only if P is at distance 
r units from the origin. 


We have discussed the use of “necessary 
and sufficient” language in geometry. On 
occasion, if some sort of language is to be 
introduced in a secondary school class- 
room, the “if and only if” phraseology 
may be preferable. However, it is prob- 
ably even better to use the conjunction of 
the explicit statements. For example, for 
all quadrilaterals q: 


q is a square implies g has its angles 
right angles and its sides equal, 


and 


q with its angles right angles and its 
sides equal imply gq is a square. 


Thus, a student becomes familiar with 
the concept of “if and only if”? conditions 
and does not have to worry about oth- 
er terminology until later mathematics 
courses. 


SOLUTION OF EQUATIONS IN ALGEBRA 


Consider the problem of finding a root 
of the equation 2x -3=7, Now, 2x—3=7 
in itself is not a statement; you cannot tell 
whether it is true or false. But it is a con- 
dition concerning the unknown z, for 
which we shall agree to use only real num- 
bers as substitution instances. There is a 
question of what is meant by words such 
as “solve,” “solution,” and “root.” It 
seems to us when a direction is given 
“solve the equation” that a person is 
talking about the process, or the proce- 
dure, that is used to find a root. On the 
other hand “solution” seems to be used 
with at least two meanings in mathe- 
matics. Sometimes ‘‘solution” refers to 
the procedure used to solve the given 
equation, and sometimes ‘“‘solution’’ is 
used as another name for a root. Most 
people—and writers—agree on a defini- 
tion of “root.’’ For convenience of nota- 
tion, let us restrict ourselves to defining 


what is meant by a root r of the equation 
P(x)=0, where P(x) denotes a_ poly- 
nomial. Then, r is a root of P(x) =0 if and 
only if P(r) =0. The statement means: 


ris a root of P(x) =0 implies P(r) =0, 
and 
P(r) =0 implies r is a root of P(x) =0. 


Notice that nothing at all is said about 
how r is obtained. It may have been 
guessed, gotten by the method of false 
position, or derived in the usual way. 

Let us examine the obtaining of r “in 
the usual way.” If a student is faced with 
the problem (or exercise!) of solving a 
linear equation like 2x —3 =7, he typically 
writes: 


2x=10 


Then he stops, unless his teacher insists 
that he do a check. The question is, does 
the student know the meaning of what he 
has done? By correct transformations, 
which we shall not go into here, the logic 
seems to be: 


2r—3=7 
implies 
2x=10; 
which in turn implies 
r= 65, 
Then, using the generalization principle,* 
we can write 
For any number zx: 2x —3=7 implies 


By correct transformations the given 
equation has been transformed into the 


2 Myron F. Rosskopf and Robert M. Exner, 
“Some Concepts of Logic and Their Application in 
Elementary Mathematies," THe MaTHematics 
TeacHeR, XLVIII (May 1955), 293-297. In this 
paper there is a simple explanation of the generaliza- 
tion principle and several illustrations of its use in 
algebra-and plane geometry. 
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equation x=5. This equation is still a 
condition because we cannot tell whether 
it is true or false. However, a glance tells 
us what its only true substitution instance 
is; it is 5. Now we have a number that 
we can test to see if it is a true substitu- 
tion instance of the given equation. Or, 
to put the matter another way, we have a 
number 5 that we know from the general- 
ization arrived at to be the unique num- 
ber that may be a root of the given equa- 
tion. To see if 5 is a root, we must substi- 
tute 5 for x in the given equation, a con- 
dition, to see if the resulting statement is 
true. 
We write: 


Substitute 5 for z. 
Left member is 2(5) —3 =7. 
Right member is 7. 


Since the left member is the same number 
as the right member, 5 satisfies the equa- 
tion and is a root. 

First, notice that the word ‘‘check”’ is 
not used at all. Through its careless use, 
we believe an idea has crept into the 
minds of some students that to check 
an equation is merely to see if the arith- 
metic is correct. Nothing could be further 
from the truth. The so-called check is an 
integral part of the solution and shows 
that the number we have found does 
actually satisfy the given equation, or 
does not. 

As a second example, consider the equa- 
tion: 


3 2zr-1 1 
and «#0 and r#1 
implies 
implies 32°+27—-4=0; 
implies or zs—-1=0; 
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(5) implies «=—4/3 or 


By the generalization principle; 
(6) For any number z: (4) implies (5). 


As in our first example, the given condi- 
tion on x has been “simplified’’; (5) is 
just a disjunction of two simpler condi- 
tions, so simple in fact that their true sub- 
stitution instances are obvious. Is it pos- 
sible that the first step in the procedure, 
multiplying each term of the given equa- 
tion by x(x —1), introduced a number that 
is a true substitution instance of subse- 
quent equations but is not a true substi- 
tution instance of the given equation? To 
put the problem another way, are —4/3 
and 1 both roots of (4), or is just one of 
these numbers a root, or is neither a root? 
Of course, 1 as a possible root has been 
eliminated already since «#1 is a part of 
our hypothesis in (4). However, we shall 
proceed as if we failed to notice this fact. 

There are two investigations that must 
be made before we can decide whether 
—4/3 or 1 are roots. We proceed thus: 


Substitute —4/3 for x. 
Left member is —9/44+11/7 = —19/28 
Right member is 9/28 —1 = — 19/28. 


Since the left member is the same number 
as the right member, —4/3 satisfies the 
equation and is a root. 


Substitute 1 for zx. 
Left member is 3+1/0. 


But division by zero is undefined; there- 
fore, 1/0 is meaningless. Hence, 1 cannot 
satisfy the equation, and 1 is not a root. 

At this point some authors and teach- 
ers are not very clear in their efforts to 
explain to students the reason for the 
failure of 1 to satisfy the equation. Would 
it not be simpler—and clearer conceptu- 
ally—to lead students to understand what 
it means to say that one has solved an 
equation and found a number that is a 
root of the equation? 

When we have proved (6), we assert 
that the numbers that may satisfy the 
given equation must be —4/3 or 1. Now, 


‘ 
3 1 
—-+ = 
x 
We solve this equation as follows: 
] 


to find if one of these numbers actually 
satisfies the equation and can thus be 
called a root of the equation, we must ask 
ourselves, Does —4/3 or 1 satisfy the 
given equation? 

Many simple examples must be used in 
order to make statements concerning the 
roots of an equation part of the thinking 
of students. For example, in quadratic 
equations we might take time to write: 
For any number z, 


implies r=+2 or r= —2, 
and 
x=+2 or x= —2 implies 2?—4=0. 


Without many such examples, a student 
is apt to lose sight of the concept among a 
mass of details. 

Another place in algebra where it is 
crucial to realize what is involved when a 
number is called a root of an equation is in 
the solving of radical equations. Here, 
too, the check serves to clinch whether a 
number satisfies the given equation and, 
therefore is a root, or does not satisfy the 
given equation and therefore is not a root. 

Consider, for example, the solution of 
the following radical equation: 


implies r—6=2/22; 
implies 2? —207+36=0; 
implies x=18 or r=2. 


To check the validity of the two state- 
ments, 


x=18 implies 
or 

xz=2 implies 4/22, 
we proceed as follows: 
Substitute 18 for z. 
Left member is /3(18) —5 = \/49 =7. 
Right member is 1+4/2(18) = 1+/36=7. 


Since the left member is the same number 
as the right member, 18 satisfies the given 
equation and is a root. 


Substitute 2 for z. 
Left member is V6—5= 
Right member is 1+4/4=3. 


Hence, 2 is not a root of the equation be- 
cause it does not satisfy the equation. 

The first part of the process of solving 
carries out the proof of the assertion: For 
any number z, 


implies r=18 or 


One might say that the first part of the 
procedure finds the only numbers that are 
eligible to be true substitution instances, 
and the second part of the procedure, the 
check, ‘sorts out from the eligible numbers 
those numbers that are true substitution 
instances, that is, that satisfy the equation 
and are therefore roots. 

Students sometimes feel that algebra 
has got out of control in such equations. 
It has not kept its promise, so to speak. 
That is because they read more into the 
process than there is to be read. The al- 
gebra has not promised a root and then 
failed to provide one. When the number 


2 fails on the substitution test, we can 


say that 2 is not a root. Moreover, after 
we have shown that 18 satisfies the equa- 
tion and 2 does not, we need look no 
further—for there are no more possibil- 
ities. 

Most teachers and almost all interme- 
diate algebras call a number like 2 in the 
foregoing example an extraneous root. We 
submit that this is a contradiction in 
terms. From use of the word “root,’’ we 
infer that we are talking about a number 
that satisfies an equation. Then how can 
a number that does not satisfy an equa- 
tion be any kind of root? It is not the 
word “extraneous” that we find objec- 
tionable but the phrase ‘‘extraneous root.” 
We recommend that the phrase “extrane- 
ous root” be dropped. Let us be consistent 
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in our use of the word “root” and agree 
that a root is a number that satisfies a 
given equation, 


SUMMARY 


In this paper we have presented a point 
of view concerning the importance of “‘if 
and only if” or “necessary and sufficient” 
conditions in secondary school mathe- 
matics. More than this has been pre- 
sented, we believe, because our algebraic 
examples are done in a form that teachers 
might well try out. We have found this 
form helps students in their understand- 
ing of what it means to say a number is a 
root of an equation. In addition, we rec- 
ommend that the word “check” be care- 
fully used in mathematics classrooms. 
The phrase “extraneous root”’ seems to us 
one that needs change; perhaps “extrane- 
ous number” would be better, if a label 


is desired for a number that arises in the 
usual process of solution and does not 
satisfy an equation. 
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Have you read? 


Bronowskl!, J., ‘‘The Educated Man in 1984,” 
The Advancement of Science, Published by 
sritish Association for the Advancement of 
Science, December 1955, pp. 301-306. 


Education is always designed to meet the 
needs of the future. This is a look into that 
future and we must all concern ourselves with it 
even though our looking does not show the same 
picture. What does the author see? 

He sees ‘‘culture’’ as Chauecr, Mozart and 
Science which gives order, unity and intelligi- 
bility to the facts of nature. Science not only 
concerns a vocation but also real living. One 
cannot be intelligent and have no scientific 
knowledge. 

Since this is true we must start early in edu- 
cation to familiarize the student with science. 
Mathematics and statistics must come alive. 
Relationships of al] the sciences must be em- 
phasized. Science must be taught as an evolution 
of knowledge, not a collection of facts, and this 
goes to the heart of the scientific method. Every 
one should experience some personal research. 
It looks like the language of science will be 
spoken in 1984. 


Wace., Ernest and Newman, James R., 
“Godel’s Proof,’’ Scientific American, June 
1956, pp. 71-87. 

This article may be heavy reading for your 
better students but you should by all means get 
them to read it. It is an excellent example of the 
dynamic nature of mathematics and the enor- 
mous progress which has been*made during the 
past few years. 

Godel, in a paper published in 1931, set forth 
the conclusion that one cannot find a consistent 
system of logic that will encompass all of 
mathematics and that gives any consistent set 
of axioms that are true mathematical state- 
ments which are not derived from the axioms. 

These two conclusions of his study changed 
much of the thinking in modern-day mathe- 
matics. The logic back of these conclusions your 
students may not want to read, but have them 
read the background material which briefly and 
clearly points out how we happen to be taking 
the approach we are in mathematics. This will 
give both your students and you a renewed 
appreciation of creative reasoning.—PHI.iP 
Prax, Jndiana University; Bloomington, Indiana 
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Proximity of prerequisite learning 
and success in trigonometry in college 


J. M. WOLFE, Brooklyn College, Brooklyn, New York. 
Educational nomenclature would call this “‘action research.”’ 


THIS INVESTIGATION was concerned with 
discovering whether there is a significant 
difference in the final grades in trigo- 
nometry in college for groups of students 
differing}with respect to the lapse of time 
since the completion of their last preced- 
ing mathematics course. 

The records of 805 unselected students 
who completed the course in trigonom- 
etry at Brooklyn College were examined 
to determine the lapse of time since the 
completion of their preceding mathemat- 
ics course, which was generally inter- 
mediate algebra. It was found that 172 of 
these students had completed their pre- 
ceding course the previous June and thus 
had a time lapse of only a summer vaca- 
tion before beginning their study of 
trigonometry. The remaining 633 students 
had a minimum lapse of eight months and 
a mean lapse of seventeen months. 

The following table shows the com- 
parison of final grades for these groups. 

Finat GRADES IN TRIGONOMETRY AND 
Lapse or TIME 
CoMPLETION OF PRECEDING 
MATHEMATICS COURSE 


“Greater Lapse”’ 


“Close Proximity” | Group 
Final | Group | Minimum lapse: 
Grad | Lapse of summer | 8 months 
adueas vacation only | Mean lapse: 
(172 students) 17 months 
(633 students) 
A | 13% 14% 
Bs 22 | 27 
C 24 31 
D 22 20 
F 19 8 
Mean | 72.0 76.1 


This 7s action research at its best. 


The data in the above table show that 
the group with greater lapse since the 
completion of the preceding mathematics 
course had a failing rate of only 8% in 
trigonometry as compared with 19% for 
the close-proximity group. The difference 
is 3.9 times the standard deviation of the 
difference between the proportions. Thus 
the difference between the failing rates for 
these two groups may be considered sta- 
tistically significant and not merely due 
to the chances of sampling. 

The difference between the means in 
favor of the greater-lapse group, i.e., 
76.1 as against 72.0, may also be con- 
sidered statistically significant since it is 
3.3 times the standard deviation of the 
difference between the means. 

‘lu obtain data on the comparison of 
these two groups at the beginning of the 
course in trigonometry, a pretest was ad- 
ministered to 280 unselected students at 
the beginning of the term. This pretest 
contained topics of high school mathemat- 
ics that find significant application in the 
study of trigonometry. The raw scores on 
this pretest were converted into standard 
scores with a mean of 50 and a standard 
deviation of 10. The mean scores of the 52 
close-proximity students and of the 228 
greater-lapse students on this pretest were 
54.2 and 49.2 respectively. The difference 
in favor of the close-proximity group was 
statistically significant, being 3.2 times 
the standard deviation of the difference 
between the means. Thus the close- 
proximity group would have been consid- 
ered the more proficient group in back- 
ground skills at the beginning of the term. 


Proximity of prerequisite learning and success in trigonometry in college 605 


gin 
fe. 
{ 
P 


In summary we find that: 

1. The students who had completed a 
mathematics course the immediate se- 
mester before studying trigonometry had 
begun their trigonometry course with 
greater proficiency in the prerequisite 
topics than the students with a greater 
lapse of time since their earlier instruction 
in mathematics. 

2. The students of the greater-lapse 
group actually earned significantly higher 
final grades in trigonometry and had a 
significantly lower failing rate than the 
close-proximity group. 

Because a test administered at the be- 
ginning of a course is a static measure of 
the student’s functional abilities and be- 


cause the loss of knowledge for functional 
application at the beginning of the term is 
greater for the greater-lapse group, many 
superior students of that group score 
lower than less capable students of the 
close-proximity group. Such a test does 
not evaluate the student’s dormant knowl- 
edge which would again become functional 
after being refreshed with review. 

The failure to obtain decisive results in 
various experimental studies predicated on 
the classification of students according to 
ability as indicated by a pretest may be 
due to the invalidity of a classification that 
does not take into account the lapse of 
time since the student’s previous study of 
the subject. 


“To leave a vestige of oneself in the develop- 
ment of another is a touch of immortality. A 
: teacher is a person with a touch of immortality, 
and he should be the most envied among men.” 
—President Gould, Antioch College, as quoted by 
Samuel Lenher in a speech A New Horizon For 
Scientific Education delivered at the National 
Science Teachers Convention (1956) Washington, 
D.C. 


Numerical ideas can be normally acquired 
and numerical operations fully mastered only by 
arrangements of things—that is, by certain acts 
of mental construction, which are aided, of 
course, by acts of physical construction; it is not 
the mere perception of the things which gives us 
the idea, but the employing of the things in a 
constructive way.—Taken from The Psychology 
of Number by James A. McLennan and John 
Dewey (New York: D. Appleton and Company, 
1916), chap. IV, p. 61. 
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@ HISTORICALLY SPEAKING, — 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


From ancient China ‘til today! 


Sun-T'su, a Chinese of the first century 
A.D., proposed the problem of finding a 
number which when divided by 3, 5, and 
7 would give the remainders 2, 3, 2 re- 
spectively. He gave in verse a rule for this 
problem which is equivalent to saying 
that 23+3-5-7 n isa solution for all inte- 
gral values of n. 

This rule did not apparently become 
known in Europe until after 1852. But 
in the meantime Nichomachus, a Greek 
neo-Pythagorean of about 100 a.p., had 
given the same problem and the answer 
23, and the Chinese Yih-hing of the sev- 
enth century had generalized the problem. 
Similar remainder problems had_ been 
worked on by the Hindus Aryabhata (c. 
500), Brahmagupta (c. 620), Bhaskara 
(ec. 1130), the Arab Ibn Al-Haitam (e. 
1000), Leonard of Pisa (1201), and many 
others. ! 

Our chief purpose here, however, is not 
to trace the detailed history of the Chinese 
problem of remainders, but to point out, 
in more or less chronological order, its 
connections with a number of other ele- 
mentary topics. Some of these topics are 
of current interest because of their pos- 
sible utility as enrichment for superior 
students or as simple examples of ‘dif- 
ferent” mathematical systems such as 
are being called for in some proposals for 
curriculum revision. particular, we 
shall point out relationships to lmear 
equations, congruences in algebra (and 
so-called finite arithmetics or “arithmetics 


!'L. E. Dickson, History of the Theory of Numbers 
(Washington: The Carnegie Institution, 1920), vol. 
II, pp. v—vi, 57-64. 


on a dial’), the Euclidean algorism, and 
continued fractions. Perhaps some of our 
readers with interests in these matters 
will send us further details of the history 
of the remainder problem, of the theories 
mentioned above, or of some of the other 
fanciful and amusing related problems. 
Sun-Tsu’s problem when written in 
modern symbolism would be to find an 
integral value for x satisfying the equa- 
tions 
x 2 x 3 x 2 
3 3 5 5 ri 7 


or 


xr—5z=3, r—Tw=2 


xr—3y=2, 


where y, z, w are also integers. Each of 
these is a linear equation which has an 
infinite number of solutions and which 
graphs as a straight line until we restrict 
ourselves to integral values. When we do 
this to the first of the equations, we see 
that since r=3y+2, every integral value 
assigned to y will lead to a corresponding 
integral value for x and this equation has 
an infinite number of both positive and 
negative integral solutions. However, if 
these solutions were graphed they would 
lie on the line represented by «—3y=2 
at its so-called lattice points; i.e., those 
of the points on the line whose co-ordinates 
are integers. 

From graphical considerations one can 
visualize that there could be linear inde- 
terminate equations with only a finite 
number of lattice points in the first quad- 
rant and even lines with no lattice points 
at all in any quadrant. The problem of de- 
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termining the number and nature of the 
positive integral solutions of ar+by=c 
was studied by Paoli in 1780, and it was 
Euler who gave, in 1760, the simplest 
proof that this equation is always solv- 
able if a and b are relatively prime.? On 
the basis of this it is easily shown that 
ax+by=c is solvable in integers if and 
only if the greatest common divisor of a 
and 6 also divides c. 

To illustrate a method which works even 
when the problem does not have a unit 
coefficient to make it simple, as in the case 
of x—3y=2, let’s take a problem given 
by the sixteenth-century Hindu writer 
Paramesvara to illustrate a rather ob- 
scurely described process given by both 
Aryabhata and Brahmagupta.* The com- 
plete problem is to find an integer which 
when multiplied by 8 and divided by 29 
gives a remainder of 4, and which when 
multiplied by 17 and divided by 45 gives 
a remainder of 7. 

The first condition is expressed by the 
equation 8r—29y=4. The solution may 
be obtained by dividing 29 by 8, 8 by the 
remainder of this division, ete., until a 
remainder of 1 is obtained; then, ina 
sense, reversing the process to find values 
of x and y such that 8r—29y=1; and 
finally multiplying these values by 4, thus: 


8| 29| 3 
24 
(1) 
3 
2/3 |1 
2 
1 


The last remainder may be rewritten in 
the form 


2 Loe. cit. 
3 Walter Eugene Clark, The Aryabhatiya of Aryab- 
hata (Chicago: University of Chicago Press, 1930), 
p. 44 ff. See also Henry Thomas Colebrooke, Algebra 
with Arithmetic and Mensuration from the Sanskrit of 
Brahmegupta and Bhaskara (London: 1817), p. 325 ff. 
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(2) 1=3—1-2, . 


and the preceding steps as: 


2=5-1-3 
(3) 3=8-1-5 
5=29-3-8 


Substituting from (3) into (2) we get: 


1=3—1-(5—1-3) 


=2-3-1-5 

=2(8—1-5)—1-5 
(4) 

=2-8—3-5 

=2-8—3(29—3-8) 

=11-8—3-29. 


Thus «=11, y=3 satisfies 8r—29y=1, 
and «=44, y=12 will satisfy 8r—29y = 4. 

The process displayed in step (1) is 
also the Euclidean algorism for finding 
the greatest common divisor of 8 and 29 
(see Euclid’s Elements, Book VII, Proposi- 
tion 2, for its geometric origin and any 
theory of equations or higher algebra 
book for its algebraic proof and use). The 
fact that this g.c.d. is 1 means both that 8 
and 29 are relatively prime and that the 
substitution process (4) which gave the 
solution of 82—29y=1 will be possible. 

Of course, 44 and 12 are not the only 
integral solutions of our equation. It can 
be shown that if (xo, yo) is an integral 
solution of axr+by=c then x=2)+0t, 
y=Yo—at is a solution for all integral 
values of #4 Thus, for our example 
x=44—291, y=12—8t, and for t=1, we 
have r=15, y=4. This last is the result 
originally obtained by Paramesvara by 
using a “chain” described rather vaguely 
by both Aryabhata and Brahmagupta. 
Ore gives an algorism for constructing a 
chain which is essentially the same as the 
Hindu chain, but easier to set up and ex- 
plain.’ His chain is constructed by writing 


«Oysteen Ore, Number Theory and Its History 
(New York: McGraw-Hill Book Co., 1948), p. 149. 
6 Ore, op. cit., pp. 142-149. 


Ad 
We 


the quotients from the algorism (1) as in 
the center, or g;, column here and then 
constructing the chain in a parallel c; col- 
umn by arbitrarily writing 1 and 0 in the 
c; column below the level of the last q, 
and then filling in the es from the bot- 
tom up by multiplying each g; times the 
ci, on the line below it, then adding the 
Ci4g on the second line below it; i.e., 
Ci=QiCisitciz2, The two top links in the 
chain, 11, 3, are a solution of the equation 
8x—29y=1. These produce a solution of 
the original equation when multiplied by 4. 


1 | 3 11 
2 | 1 | 3 
3 1 2 
4 1 1 
5 
6 | 0 


Ore’s chain can be derived as a general 
rule by generalizing the g.c.d. process and 
the “reverse” substitutions which we used 
in our first solution. Paramesvara’s inter- 
pretation of Aryabhata’s process begins 
with the g.c.d. division process and con- 
structs a chain by the same rule as Ore’s 
except that by properly choosing two 
numbers different from the 0 and 1 with 
which we began our second column he 
ends with a solution of 8r—29y=4 im- 
mediately. 

We leave it to the reader to complete 
the solution of the original problem, and 
instead note that the g.c.d. process could 
have been replaced by the conversion of 
the fraction 8/29 into a simple continued 
fraction thus: 


8 1 
29 29 
3 
1 
8 


3+1 
8 
5 
1 
1+1 
2 


The convergents of the final continued 
fraction are 1/3, 1/4, 2/7, 3/11, 8/29. 
Note that the denominator and numer- 
ator of the next to the last convergent are 
again our solution, (11, 3) of 8r—29y=4. 

This continued-fraction approach will 
work on all linear indeterminate equations 
in two unknowns. Such equations are one 
type of Diophantine equation, indeter- 
minate equations for which all their inte- 
gral solutions are sought. These are named 
after the Greek algebraist Diophantus, 
who lived in the first century after Christ. 
However, Diophantus himself left no 
writings on linear indeterminate equa- 
tions, although he did work with second 
degree and other “‘Diophantine equations.” 
But in general he was satisfied with find- 
ing a single solution where later mathe- 
maticians have sought to find all of the 
solutions. 

Although some idea of continued frac- 
tions has been read into this work of Arya- 
bhata’s and into the early Greek treat- 
ment of quadratic irrationalities, it seems 
an exaggeration to attribute to them such 
a general and theoretical knowledge of 
continued fractions as makes it possible 
to say that the penultimate convergent 
of such a fraction will always give a solu- 
tion of the corresponding linear indeter- 
minate equation. Italian Pietro Antonio 
Cataldi (1548-1676) and Swiss Leonard 
Euler (1737) were chief among the early 
workers who had a real conception of 
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continued fractions.® 

Finally, we note that C. F. Gauss in his 
Disquisitiones Arithmeticae of 1801 de- 
fined two integers a and b to be congruent 
modulo m when their difference is divisible 
by m. That is, a=b mod m if and only if 
(a—b) =my or my+b=a for some integer 
y. Hence the congruence x=b mod m can 
be written my+b=-2 and the solution of 
the congruence becomes equivalent to the 
solution of a linear indeterminate equa- 


* See H. S. Hall and S. R. Knight, Higher Algebra 
(London: Maemillan, 1932), pp. 111-112, Chaps. 
XXV, XXVI for a simple explanation of continued 
fractions and indeterminate equations. For historical 
comments and references see E. T. Bell, The Develop- 
ment of Mathematics (New York: McGraw-Hill Book 
Co., 1940), pp. 277, 444, and D. E. Smith, History of 
Mathematics (Boston: Ginn and Co., 1923), vol. I, 
pp. 156, 303. 


A 


tion. Thus linear equations, their graphs 
and the related lattices are related to 
“modular arithmetics’” or “arithmetics 
on dials,” and in the related algebra of 
congruences some linear ‘‘equations’’ 
(congruences) ‘may have no (integral) 
solutions or a finite or infinite number of 
positive (or negative) solutions. Modular 
arithmetics and congruences furnish rather 
simple and elementary illustrations of the 
existence of different but comparable 
structures in algebra, just as non-Euclid- 
an geometries illustrate the existence of 
different structures in geometry. Modular 
arithmetics and congruences also demon- 
strate the nature and role of definitions 
and axioms in the foundations of mathe- 
matics. 


Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Towa 


BOOKS 


Calculus, Jack R. Britton, New York, Rinehart 
and Co., 1956. Cloth, xiv+584 pp., $6.50. 


This is a text for a standard college course in 
calculus. The influence of the recent cries for 
more emphasis on the concepts and logical 
aspects of calculus is seen only in the first fifty 
pages which are devoted to an earnest effort to 
explain the limit concept in terms of the ancient 
definition of Weierstrass. The lack of a suitable 
geometric picture to accompany this arithmetic 
view of limits has made its use, even in some 
current research in analysis, rather unpopular. 
There seems to be little doubt that this ap- 
proach is ineffective for most undergraduate 
students. The geometric view of limits as em- 
bodied in the “‘filters’”’ of H. Cartan (alias N. 
Bourbaki) shows some promise of providing a 
solution for this vexing problem of pedagogy. 


The remainder of this text is devoted to an 
exceedingly large number of topics directed to- 
ward the use of calculus in engineering appli- 
cations. Statistical and other applications are 
ignored, except for a few exercises. Even if the 
imaginative teacher of calculus is not repelled 
by this mundane view of his subject, he will 
scarcely be happy with the treatment accorded 
many of the purely mathematical topics. A list 
of instances in which the author has departed 
from well-established definitions or has given 
quasi-proofs is too long to be included here 
Let it suffice to observe that two favorite words 
of the author seem to be “intuitive” and 
“plausible.” 

The text is replete with exercises, both il- 
lustrative and formal. Each chapter closes with 
a list of questions for review and discussion. 
These are, of course, excellent features of any 
text.—M. F. Smiley, State University of Towa, 
Towa City, lowa 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


Junior high school mathematics 
and the manpower shortage 


by Clyde FE. Parrish, Cubberly High School, Palo Alto, California 


INTRODUCTION 


At the present time in the United 
States a shortage of scientific, professional, 
and technical manpower exists. The prob- 
lem of alleviating this shortage belongs 
to American society in general, and in 
particular it belongs to the educational 
agencies of our society. 

As a fundamental in the education of 
scientific, professional, and technical per- 
sons, mathematics education becomes an 
area of further focus for the problem 
created by this shortage. The junior high 
school has functioned as a level of educa- 
tion that places considerable emphasis on 
guidance in relation to the student’s pres- 
ent and future. Some educators have 
identified the junior high school years as 
a crossroads period. What the student does 
in these years has great import as far as 
career choices are concerned. Patterns of 
behavior will be formed that will either 
permit an unrestricted or a_ restricted 
career choice when the student feels 
moved to make that choice. 

What the junior high school is doing and 
what it is not doing to influence these pat- 
terns of behavior in relation to mathe- 
matics is the primary concern of this 
paper. Such a consideration requires an 
analysis of secondary school mathematics, 
past and present, since it may be one of 


the factors contributing to the existence 
of the current shortage. 


ANALYSIS OF SECONDARY 
SCHOOL MATHEMATICS 

A recent report on the subject of mathe- 
matics education considered three major 
factors, the student, the teacher, and the 
curriculum.' To these factors I would add 
one more: this fourth factor is our society. 
Of these four factors I think that the so- 
ciety and the curriculum need the most 
extensive and critical consideration. 


The Society 


In the final analysis our social organi- 
zation, in terms of its economic, political, 
and technological factors, determines the 
necessary education of any individual 
preparing to play a role in society. This 
demand has been given extensive consider- 
ation in the professional education of 
mathematics teachers as evidenced by 
discussions found in textbooks designed 
for the prospective mathematics teacher.” 
The professionally trained mathematics 


1 Henry 8. Dyer, Robert Kalin, and Frederic M. 
Lord, Problems in Mathematical Education (Princeton, 
New Jersey: Educational Testing Service, 1956). 

? Charles H. Butler and F. Lynwood Wren, The 
Teaching of Secondary Mathematics (New York: Mc- 
Graw-Hill Book Co., 1951); Lucien B. Kinney and 
Richard C. Purdy, Teaching Mathematica in the 
Secondary School (New York: Rinehart, 1952). 
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teacher, therefore, is aware of the needs 
of specific roles played by individuals in 
our society. 

However, this awareness on the part of 
mathematics teachers is apparently not 
accompanied by a like awareness on the 
part of the great bulk of our population. 
The old familiar refrain from parents, “I 
had algebra in high school and haven’t 
used it since,” is testimony to this lack 
of awareness. I have even heard a remark 
from an engineer that indicates that en- 
gineers may not recognize the significance 
of mathematics in their day-to-day work 
activities. In answer to a query from a 
junior high school mathematics teacher, 
I heard an engineer say, ‘“The only value 
mathematics has had for me was to pro- 
vide mental discipline.”” Yet, a few min- 
utes before this remark, he had pulled a 
slide rule from his breast pocket and had 
done a quick computation in relation to 
something he was thinking about. This 
engineer was so habituated in his usage of 
mathematics that he was overlooking his 
rather obvious, probable daily, usage of 
mathematics in a great many different 
ways. 

This lack of awareness of the signifi- 
cance of mathematics on the part of the 
general public poses a real problem in 
terms of selling the value and importance 
of mathematics to members of our so- 
ciety. It also raises the possibility that 
there is a lack in the curricular organization 
of mathematics that is contributing to this 
low level of awareness. 


The Curriculum 


As was pointed out previously, ex- 
tensive consideration has been given to 
the mathematical needs of individuals as 
created by the demands of modern society. 
These needs have been a strong governing 
factor in determining the advocated cur- 
riculum for secondary school mathemat- 
ics. However, a stronger factor has been 
in operation and in opposition; it has a 
hold, through tradition, that is hard to 
break. It is the college preparatory char- 


> 
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acter of high school mathematics courses. 
In some respects the preparation for a life 
in society and life in the intellectual cli- 
mate of a college happen to coincide. Both 
call for the development of computational 
skill and the development of understand- 
ing of concepts. The real disagreement 
created by the objectives of preparing for 
two types of life activity seems to lie in 
how the objectives shall be reached rather 
than in differences in the actual objectives. 
There has been considerable preoecupa- 
tion with this latter problem, possibly to 
the exclusion of other curricular consider- 
ations that may be more important. 

My purpose is to avoid this conflict and 
give consideration to at least one other fac- 
et of the mathematics curriculum. This 
other facet is the objectives themselves. 

Butler and Wren summarize these ob- 
jectives as follows: 

1. Proficiency in fundamental skills, 

2. Comprehension of basic concepts, 

3. Appreciation of significant meanings, 

4. Development of desirable attitudes, 

5. Efficiency in making sound applica- 

tions, 

6. Confidence in making intelligent and 

independent interpretations.* 


Other writers have made similar ex- 
pressions of the objectives of secondary 
mathematics teaching. I will assume these 
to be representative. 

Examination of published material and 
the collection of data from experience re- 
veals an emphasis upon basic skills asso- 
ciated with computation as related tothe 
practical considerations of life so narrowly 
focused that it has made some of the 
other objectives inoperative. As evidence 
of this, consider the emphasis represented 
by the Guidance Pamphlet in Mathematics 
for High School Students. Its primary 
emphasis is upon mathematical compe- 
tencies necessary for effective citizenship 


3 Butler and Wren, op. cit., p. 16. 

4 By Commission on Post-War Plans of the Na- 
tional Council of Teachers of Mathematics (New 
York: Tae Matuematics TEACHER, 1947). 
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and for satisfactory performance in certain 
vocational and professional roles. 

Personal experience reinforces this evi- 
dence. Several years ago a_ particular 
school system asked each secondary school 
teacher to prepare a statement of objec- 
tives for each subject that he was currently 
teaching. Without exception, the teacher 
of mathematics who taught only mathe- 
matics turned in a series of objectives that 
were pure subject matter in orientation. 
The statements, in some instances, were an 
outright copy of the table of contents of the 
textbook in use or a close approximation 
of it. No mention was made of the de- 
velopment of attitudes, of the encourage- 
ment of interest, or of an appreciation of 
mathematics as teaching objectives. The 
teaching that these people do may have 
an implicit subscription to these objec- 
tives, but it is certainly not an explicit, 
conscious subscription to them. It is 
probable that this condition is not con- 
fined to this school alone. 

It is important to recognize, at this 
point, that the active operating curricu- 
lum will be based on the objectives to 
which mathematics teachers have ex- 
plicitly subscribed. If this is true, and the 
evidence presented is valid, our present 
day mathematics curriculum is much too 
narrow. The following is an indication that 
this is the real condition: 

An increased and more accurate understand- 
ing of the learning process, which has resulted 
from the scientific study of pupils, explains the 
ineffectiveness of a great deal of past and pres- 
ent day teaching of mathematics. It calls at- 
tention to the importance of attitudes, under- 
standings, and interests as well as manipulative 
skills.§ 

At this point it is rather obvious that 
an hypothesis needs formulation and test- 
ing. This part of our manpower shortage 
can be corrected by teaching mathematics 
so as to induce an attitude of appreciation, 
a stimulation of interest, and an under- 
standing of the part played by mathemat- 
ics in our culture. 


§ Kinney and Purdy, op. cit., p. 38. 


The Teacher 


At least two kinds of mathematics 
teachers are presently teaching in our 
public secondary schools. One kind is the 
person who wanted to be a mathematics 
teacher because of an interest in mathe- 
matics combined with an interest in 
young people. The second kind of mathe- 
matics teacher has the interest in young 
people in common with the first type of 
teacher, but he is teaching mathematics 
not out of interest or choice, but because 
of the school and the programming prob- 
Jems peculiar to it. Oddly enough in the 
appraisal of pupils and staff, the second 
type of mathematics teacher is often con- 
sidered a better teacher of mathematics 
than the first type. 

Another common factor in these two 
types of mathematics teachers is their 
student experience with mathematics. 
Both took, and are now probably teach- 
ing, computationally oriented courses, and 
if any of their students become teachers of 
high school mathematics they will also 
probably teach computationally oriented 
courses, unless something is done to break 
the cycle. 

The first type of teacher, since he is 
teaching mathematics voluntarily, prob- 
ably finds considerable intrinsic motiva- 
tion in the subject material of mathe- 
matics. Because he has this feeling for 
mathematics, he may be somewhat an- 
noyed by the fact that not all of his stu- 
dents see the subject matter in the same 
light that he does. He may as a result con- 
centrate, and apparently often does, on 
the students who share his feeling for 
mathematics while the others struggle 
along as best they can with minimum at- 
tention. 

This circumstance of the dubious in- 
fluence of the teacher, according to the 
evidence,® is occurring all too often, and 
quite decidedly, it must be concluded, to 
the detriment of a general appreciation 
for mathematics and interest in it. 


* Dyer, Kalin, and Lord, op. cit., p. 15. 
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On the other hand, the second type of 
teacher may have a decidedly sympathetic 
feeling for students who are having diffi- 
culty with mathematics. This would be 
true particularly if he had had similar 
troubles with mathematics during his 
student days. Potentially, more hope can 
be attached to the efforts of the second 
type of teacher if he can struggle through 
to a point of appreciating mathematics 
as an important part of modern society. 
He is more likely to feach the greater bulk 
of his students than the teacher who is 
motivated by his own intrinsic interest in 
mathematics. Yet to attach hopes of solv- 
ing the problem of a manpower shortage 
to such a thin possibility would be unwise. 

Both types of mathematics teachers 
need to expand their perception of mathe- 
matics and their perception of mathe- 
matics teaching. One of these perceptions 
is to realize the existence of, and the need 
for, subscription to a broader set of teach- 
ing objectives. The curriculum cannot ex- 
pand without this expanded perception on 
the part of the teacher. 


The Student 

At the very center of this consideration 
of mathematics stands the fellow who is to 
learn, the fellow who is subject to the 
teaching of the teacher. Modern educa- 
tional psychology labels the student as the 
most important consideration in the school 
process. I am inclined to conclude that 
mathematics teachers, and therefore the 
mathematics curriculum, have not yet 
taken adequate account of this point of 
view. They have been exposed to it, but as 
yet have not worked out how to apply it 
in mathematics teaching. 

One of the basic postulates associated 
with modern views of learning is that 
learning readily occurs only when proper 
motivation is present. Mathematics teach- 
ers have attempted to follow this postulate 
to a certain degree. It has led to the pre- 
viously mentioned wide consideration of 
the individual’s mathematical needs as 
dictated by social needs. But this has es- 
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tablished only what the student needs 
and not “why” he needs it nor how to in- 
corporate it into the student’s emotional 
structure. 

The student may be told that he needs 
to know how to compute the tax on his 
income when he becomes the earner of an 
income. He, knowing something of the 
ways of government, accepts this as fact 
and agrees with you, but he is not suffi- 
ciently aroused emotionally by this fact 
to undertake a calculation for a hypo- 
thetical income. And why should he be- 
come aroused? No normal adult waxes 
enthusiastic over calculating how much 
Uncle Sam is taking away this year. 

This raises the question, ““Can we appeal 
to the emotional system of the student 
and get him to internalize these apparent 
future needs through a curriculum based 
and organized directly on his future 
needs?” (This is intended to include col- 
lege preparatory needs.) Evidence existing 
at the present time seems to indicate a 
negative answer. 

While we search for a more satisfactory 
means of motivation we exercise our 
teacher authority to force students to 
go through the motions. They may absorb 
some mathematics through this practice, 
but it is doubtful whether many will fully 
appreciate what they have absorbed. 
Until we find a satisfactory means of mo- 
tivating mathematics students, we can 
only mark time in relation to solving the 
problem of a manpower shortage. In other 
words, the problem of arousing genuine 
interest in mathematics is Just as impor- 
tant as the educational psychologist says 
it is. Under the present high school mathe- 
matics curriculum there is little possibility 
of achieving the needed motivation. 


SUMMARY AND RECOMMENDATIONS 


The following points are central in the 
above analysis: 
A. In relation to society: 

1. There is a genera] lack of awareness on 
the part of the general public of the mul- 
titude of ways in which mathematics is 
used by all people in their daily living. 
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2. «his lack of awareness may be due to the 


nature of the mathematics curriculum. 

B. In relation to the curriculum: 

1. The explicit objectives of secondary 
school mathematics seem to center around 
computational skills, basic concepts, and 
understandings. 

2. The focus on skills, concepts, and under- 
standings seems so complete that inter- 
ests, attitudes, and appreciations are ex- 
cluded as objectives in the explicit sense. 

(. In relation to the teacher: 

1, Mathematics teachers will teach effec- 
tively only toward objectives that they 
explicitly recognize and accept. 

. Teachers of mathematics tend to teach as 
they were taught, ad infinitum. The 
cycle needs to be broken. 

3. The mathematics teacher, therefore, 
needs to be educated to a broader per- 
ception of the significance of mathe- 
matics. 

D. In relation to the student: 

1. Through the way it is taught, mathe- 

matics has appeal to a rather limited 

group of students. 

2. Mathematics is an area where motiva- 
tional problems of the first magnitude 
exist. 

3. We might better solve some of the prob- 
lems of motivation by an indirect, flank- 
ing approach to future needs rather than 
by continued frontal attack. 


to 


An appropriate question at this point is: 
What implications and conclusions can be 
drawn from the line of reasoning followed 
in this paper? 

The first conclusion is that the nature 
of the mathematics curriculum, past and 
present, is directly related to the lack of 
awareness and the lack of appreciation 
that the general public feels in regard to 
mathematics. The American value system 
places mathematics at a rather low level. 
This indifference to objectives concerning 
attitudes, interests, and appreciations is 
the specific portion of the curriculum or 
lack of curriculum that is creating this 
lack of awareness and lack of appreciation. 
Something that is not specifically taught 
cannot be learned in other than a very 
incidental and accidental manner. 

A second conclusion is that the persist- 
ent emphasis upon computation, ie., 
the student being a comptometer, tends to 
destroy interest rather than encourage it 
in many students. This seems much like 


an English teacher who insists on a thirty- 
six week diet of grammar unleavened by 
excursions into literature. She would be 
faced by rebellion before many weeks. 
Many mathematics students do rebel at 
the deadly computational diet and mani- 
fest their rebellion as indifference. What 
is needed is a “literature” for mathe- 
matics, an anthology of stories, poems, and 
anecdotes that would utilize the language 
of mathematics in the telling and also 
help to reinforce the basic skills and con- 
cepts that we are currently trying to teach. 
Some effort has been directed toward this 
development, such as the writings of 
David Eugene Smith. Others have tried 
to popularize mathematics, but their writ- 
ings do not lend themselves readily to 
integration into a curricular development. 

A third conclusion points to something ‘ 
missing in the present secondary school 
curriculum. This is a treatment of mathe- 
matics with appropriate illustrations as 
one of mankind’s proudest achievements. 
The invention or discovery of even the 
simplest number relations are achieve- 
ments on a par with the invention of the 
telephone, the telegraph, and the internal 
combustion engine. Why aren’t they pre- 
sented and studied as such, as well as 
being presented as useful skills? 

Much school time is devoted to political 
history which is characterized by the 
human effort to dominate one another. 
Mathematics can be looked upon, his- 
torically, as man’s effort to conquer ab- 
stract ideas and put them to use. Why is 
this history not more important than 
political history? It has contributed more 
to the welfare and progress of mankind 
than political history. Why isn’t it 
taught as part of the secondary school 
mathematics program? The answer prob- 
ably lies in the fact that little really crit- 
ical consideration of what they are doing 
is being displayed by mathematics teach- 
ers, who teach as they were taught, in a 
curricular dead end paved with computa- 
tional bricks. We need to back out of this 
dead end and start over. 
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A further conclusion grows out of the 
previous conclusions. It is to the effect that 
motivational difficulties can be overcome 
by a broadening of the scope of the curricu- 
lum along the lines suggested by the 
aforementioned conclusions. Mathemat- 
ics, centered around computation alone 
due to its narrow appeal is a denial of in- 
dividual differences; expansion of that 
appeal would work its own cure on some 
of the motivational difficulties that exist 
at present. 

This series of conclusions leads to a 
second question that is most appropriate. 
What courses of action can be recom- 
mended, assuming the line of reasoning 
of this paper to be correct? 

One course of action might be to pro- 
duce the mathematical anthology pre- 
viously mentioned. Perhaps one of the 
philanthropic foundations would be inter- 
ested in supporting such a project. Very 
little short of a team composed of a math- 
ematics educator, a children’s writer, 
and a mathematician would be required to 
compose and compile such a book. For 
individual teachers to undertake such col- 
lecting and such writing would be placing 
this possibility in the dead file. 

Another course of action would be to 
arrange teacher workshops for two pur- 
poses. One would be to educate teachers as 
to the cultural significance of mathematics 
and the second would be to consider opera- 
tional definitions of the desired attitudes, 
interests, and understandings that are 
presently inoperative objectives of mathe- 
matics education. Defining objectives in 
behavioral terms would also help lead into 
techniques for achieving the desired ends. 
It has been my experience that group 
effort on a project of this kind leads to 
more fruitful results than individual effort. 
Too often the individual is at a loss as to 
where to start; and we need to start. Per- 
haps, again, there might be private inter- 
ests who would underwrite the cost of 
such a project. It is being done in other 
educational fields. 


A third course of action might be to 
aim at the adult public information other 
than statistics that emphasize the extent 
of our manpower problem. Newspapers 
and popular magazines might be quite 
willing to print articles if someone were 
motivated to produce them. 


CONCLUSION 


There has been an underlying thesis im- 
plicit in this paper that the reader may 
have detected by this time. He would be 
most likely to detect it if he were quite 
familiar with the postulates of educational 
psychology. Most illustrations of this 
postulate are in terms of puzzle solving or 
in relation to practice effects. It is the 
predisposition to think along certain lines 
and erect in a problem restrictions that 
do not actually exist. Some people are 
good puzzle solvers because they habitu- 
ally can avoid this set or predisposition; 
others never seem to be able to avoid 
these false and unnecessary assumptions. 

One would think that mathematics 
teachers would tend to fall among the 
group who habitually avoid a restrictive 
set. However, what this paper has pointed 
out indicates that, at least in the instance 
of curriculum, mathematics teachers have 
been very subject to a particular set. They 
have assumed that the mathematics cur- 
riculum is restricted to activities closely 
related to computation as reflected in 
modern day textbooks for mathematics 
courses. This set has led to a dangerous 
state of affairs marked by a distinct de- 
cline in interest in mathematics on the 
part of the American populace. This, in 
turn, has contributed to our current man- 
power shortage. 

We mathematics teachers have inter- 
preted our mandate from society too nar- 
rowly; now we need to do something about 
it. As Lucien Kinney and Richard Purdy 
say, ‘This is a challenging responsibility. 
We cannot stand still.’’” 


1 Op. cit., p. 28. 
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Careers for 
the mathematician .. . 


There has been much ado these past 
few years anent the manpower shortage 
in science and mathematics. This despite 
the fact that the literature of vocational 
counseling has been more than moderately 
abundant, including the pioneer Guidance 
Pamphlet first issued by the National 
Council of Teachers of Mathematics in 
1947, as well as popular pamphlets issued 
by the Canadian Mathematical Con- 
gress, the Mathematical Association of 
America, and the General Electric Com- 
pany,' to mention outstanding publica- 
tions. 

A more recent pamphlet? adopts a some- 
what different approach—the direct view- 
point of the prospective employer of 
young people trained in mathematics. 
This 32-page document is quite practical, 
and includes a useful employers directory. 
We quote by permission, from an editorial, 


MATHEMATICAL PossIBILITIES: THE OvutT- 
LOOK. 


The neophyte mathematician has five gen- 
eral categories into which he can project him- 
self: teaching, statistics, industrial research, 
government and actuarial work. 


Cap AND Gown 


Teaching mathematics demands special 
qualities. One may find himself explaining the 
differences between geometric systems in the 
morning, and later, in some schools, the ad- 
vantages of the single-wing over the T-forma- 
tion. He must have the personality to overcome 


1 Why Study Mathematics? Canadian Mathemat- 
ical Congress (Montreal, Canada: McGill University), 
50¢; “‘Professional Opportunities in Mathematics” 
American Mathematical Monthly, LVIII (January 
1951); Three Why’s; General Electric Company. 

? Careers for the Mathematician: Monograph No. 5; 
Career Publications, Inc., 14 West 45 St., N. Y. C. 
(1956); $1.00. 


adolescent prejudice against his field, or perhaps 
to convince graduate students that mathematics 
can be thought of as a philosophy. He must not 
only have the history of the field within his 
grasp, but must also, at the university level, 
find time for productive research. It is also 
imperative to integrate his program with the 
other sciences or arts according to the policy of 
the institution. 


EXPANDING FIELD 


Mathematical and applied statistics is a field 
that has had a renaissance in the last quarter 
century. Modern marketing methods, adver- 
tising techniques, and sampling schedules have 
made the trained statistician a scarce commod- 
ity. Sociologists, Psychologists and Public 
Opinion Researchers need statistically trained 
personnel to deal with general theory, sift 
hypotheses, and formulate ways to test them 
through experimentation. Competition has 
forced industry to maintain rigid quality con- 
trol in manufacturing, and also to feel that the 
cost of canvassing the public to determine their 
preferences and purchasing habits is an im- 
perative investment. This is a mushrooming 
field with numerous opportunities for both men 
and women. 


DEMAND FoR Doctors 


The key to opportunity for Mathematicians 
in industry is the Ph.D. degree. Those with 
lesser degrees will normally begin in some com- 
puting activity and progress from there. The 
prospective industrial mathematician should 
be conversant with the language of his en- 
gineering colleagues, and, ideally, should di- 
versify his interests into study in the physical 
sciences. He will be expected to supply solutions 
to specific problems inherent in aero-elasticity, 
for example, in gravimetry or turbine insta- 
bility, depending on the field of his choice. In 
research, however, the solutions may be deter- 
mined by any part of the mathematical spectrum 
from algebra and trigonometry to Fourier and 
Laplace transforms. 


SUBMARINES AND SUBWAYS 


The Government, along with the definite 
assets and liabilities of Civil Service, provides 
opportunities for both men and women at all 
levels of mathematical proficiency from the 
junior to the professional. In the lower grades 
the mathematician will probably be concerned 
with numerical solutions to differential equations. 
On the higher levels, as in industry, conversance 
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with related scientific fields is demanded, but 
can be acquired by additional study. In these 
positions a Ph.D., plus practical experience in 
relating mathematical solutions to scientific 
problems are practically essentials. The kinds of 
problems with which the government must cope 
vary from logistical military entanglements to 
the practicality of using various coins in subway 
turnstiles. 
WANTED: YounG ACTUARIES 

Actuaries are in great demand... well 
paid... key figures in industry. Essentially, 
the actuary is a business man rather than a 
mathematician. The actuarial profession offers 
a man with mathematical aptitude a unique 
opportunity to use this aptitude in the world 
of business. Technical knowledge, blended with 
a broad cultural, social, and business knowledge, 
lead inevitably to policy-making, responsible 
executive posts in the insurance business. Out- 
side of insurance companies, many actuaries 
practice the profession as consultants. Others 
serving in government service are concerned 
with pension funds, the regulation of insurance 
and social security, and a variety of demo- 
graphic problems. Professional standing as an 
actuary is achieved by attaining membership 
in the Society of Actuaries; to become a fellow 
of the Society one must pass a series of eight 
examinations. The best background is a college 
education in the liberal arts with a major in 
mathematies. As reflected by the examinations, 
the standards for the profession are high. 


Some reflections 
on quadratic equations .. . 


In the same year that the British cap- 
tured Fort Duquesne and renamed it 
Fort Pitt (now Pittsburgh), the English 
amateur mathematician Francis Maseres 
published his treatise on the use of the 
negative sign in algebra. Maseres also 
published, at his own expense, a consider- 
able number of reprints of some of the 
earlier works of seventeenth-century 
mathematicians, including Napier, Snell, 
Descartes, Schooten, Huygens, Barrow, 
and Halley. In 1783, he wrote a substan- 
tial treatise on the theory of life assurance, 
one of the earliest attempts at putting the 
subject on a mathematical basis. 

Although a member of the Royal So- 
ciety, Maseres contributed but few papers; 
such as he did write were concerned with 
the nature of equations, infinite series, 
logarithms, and optics. Of peculiar inter- 
est are his book on trigonometry and sev- 
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eral tracts on algebra; they are virtually 
worthless, since he rejected the use of 
negative numbers as “impossible quanti- 
ties.” We allude to his work here chiefly 
to emphasize the amazing resistance which 
had to be overcome before negative num- 
bers were universally accepted—a_pro- 
tracted struggle lasting several centuries. 
Here, for example, in 1758, was a writer 
who reluctantly allowed the use of nega- 
tive numbers, even though Descartes had 
definitely established their status in 1637, 
and the first edition of Newton’s Principia 
had appeared fifty years later. He was 
not the last to resist, however, for in 1796, 
William Frend, father-in-law of Augustus 
De Morgan, also published a work on alge- 
bra in which he regarded negative quanti- 
ties as nonsensical. 

The Preface to the Dissertation on the 
Use of the Negative Sign in Algebra opens 
with the following curious observation: 

The design of the following dissertation is to 
remove from some of the less abstruse parts of 
algebra, the difficulties that have arisen therein 
from the too extensive use of the Negative Sign, 
and to explain them, without considering the 
Negative Sign in any other light than as the 
mark of the subtraction of a lesser quantity 
from a greater. 


Elsewhere in this unbelievable tract we 
read: 


Now all affected quadratic equations are 
evidently reducible to one of these three forms: 


rr+pr=r 
—pxr=r 
px —rr=r 


.if any question or problem produces an 


] 


equation of either of the forms zz+pzx=r, or™ 


rz — px =r, it will admit of only one answer; but 
if it produces an equation of the form px —rz =r, 
it will admit of two answers, unless there be 
some condition in the problem, which cannot be 
expressed in the equation, and which determines 
z to have but one value. . . . Those who explain 
quadratie equations by negative roots say, that 
every form of quadratic equations, as well as the 
third, has two roots; that the third, indeed, is 
the only one that has two affirmative roots; but 
that the first and second have each of them an 
affirmative and a negative root... . This seems 
to the two equations zz+pz=r, and rz —pr=r 
(which are so many assertions quite distinct 
from each other, and cannot be derived from 
the conditions of the same problem), as if they 
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were one and the same equation.... This 
method of uniting together two different equa- 
tions may perhaps have its uses; but, I must 
confess, I cannot see them: on the contrary, it 
should seem that perspicuity and accuracy re- 
quire, that two equations, or propositions, that 
are in their nature different from each other, 
and are the results of different conditions and 
suppositions, should be carefully distinguished 
from each other, and treated of separately, each 
by itself, as it comes under consideration. 


By far the greater part of the volume, 
which runs to nearly three hundred octavo 
pages, is devoted to a similar treatment of 
the nature and solution of cubic equations. 
The discussion is verbose and labored; 
the demonstrations make frequent use of 
fluxions. Limitations of space forbid our 
going into further details, but enough has 
probably been said to shOw~the geftral 
tenor of the exposition. We confess to 
amazement at the dogged persistence of 
the author in tracing all the “types” of 
cubics, carefully establishing numerical 
limits (in terms of the arbitrary coeffi- 


cients p, g, and r) for which there are one, 
two, or three roots! Not the least remark- 
able passage perhaps, is the following, 
which reveals his general philosophy: 


Having... considered what is meant by 
making use of negative roots... ‘tis natural, 
before we quit this subject, to observe, that 
notwithstanding most of the modern writers of 
algebra have thought fit (probably that they 
might save themselves the trouble of demon- 
strating each case... separately) to make use 
of negative roots, yet the resolution of quad- 
ratic equations is performed full as concisely, 
and in a much more simple and natural manner, 
without than with them; nay ‘tis, as I appre- 
hend, necessary to know how to resolve equa- 
tions without them, before we can understand 
how they can be resolved by them... they 
serve only, as far as I am able to judge, to puz- 
zle the whole doctrine of equations, and to ren- 
der obscure and mysterious things that are in 
their own nature exceeding plain and simple. 
... It were to be wished therefore that negative 
roots had never been admitted into algebra, or 
were again discarded from it: for if this were 
done, there is good reason to imagine, the ob- 
jections which many learned and ingenious 
men now make to algebraic computations, as 
being obscure and perplexed with almost un- 
intelligible notions, would be thereby removed; 
it being certain that algebra, or universal 
arithmetic, is, in its own nature, a science no 
less simple, clear, and capable of demonstration, 
than geometry. 


In addition to the treatise referred to 
above, Maseres also published Tracts on 
the Resolution of Cubick and Biquadratick 
Equations (1803), and Tracts on the Resolu- 
tion of Affected Algebraick Equations by 
Dr. Halley’s, Mr. Raphson’s and Sir Isaac 
Newton’s Methods of Approximations 
(1800). The very last section in the latter 
volume is a brief essay by William Frend, 
Fellow of Jesus College, Cambridge, en- 
titled ““Remarks on the Number of Nega- 
tive and Impossible Roots in Algebraick 
Equations” (pp. 473-479). In closing, we 
condense, in part, one paragraph: 

The supposition which eminent writers on 
Algebra lay down as an indisputable and almost 
self-evident maxim is that every Algebraick 
equation has as many roots as it has dimensions. 
In truth, there are very few equations in which 
this maxim really takes place; to wit, only one 
single form in each degree, or order, of equa- 
tions. Thus, of the three forms of affected quad- 


ratick equations, only the form px—zrz=gq can 
ever have two roots, and that only when q is less 
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than p*/4. Similarly, of all the thirteen different 
forms of affected cubick equations, only the 
form z*—pzx*+qz=r can ever have three roots, 
and that only when r is less than p*/27. Finally, 
of the forty-five different forms of affected bi- 
quadratick equations, it is only the form 


that can ever have four roots, and that only 
when s is less than p*/256. .. . Therefore, when 
these eminent writers have laid down the fore- 
going general proposition, they find themselves 
under a necessity of giving specious names to a 
parcell of quantities which they endeavor to 
make pass for roots of these equations, though 
in truth they are not so, in order to cover the 
falsehood of their general proposition, and give 
it, in words at least, an appearance of truth; and 
with this view they call some of these quantities 
negative roois of the equation to which they 
relate, and others of them it’s impossible roots. 


To be sure, we have come a long way in 
the development of algebra in the two 
centuries that have passed since the time 


of Maseres, Maclaurin, De Morgan, and_ 


Frend. Yet a searching study of the quad- 
ratic equation—the properties and rela- 
tions of its roots and coefficients—can 
readily open new vistas to the beginning 
student of elementary algebra. With the 
thought that a full discussion of quad- 
ratic equations and related topics might 
be of interest to brighter pupils, to mathe- 
matics clubs, and to beginning teachers, 
the following bibliography is included as 
a source of background and enrichment 
material. 


1. GENERAL REFERENCES 


Ausin, J. “Theme-centering the Quadratic.” 
High Points 21: 64-67, 1939. 

Corprey, WiiuiaM A. “Applications of Quad- 
ratic Equations.” Tue 
TEACHER 38: 120-25, 1945. 

Feur, Howarp. “The Quadratic Equation.” 
Tue Maruematics TEACHER 26: 146-49, 
1933. 

Hazarp, Wm. J. ‘‘More About Quadratics.” 
THe Maruematics TeacwerR 46: 34-35, 
1953. 

Miter, G. ‘Quadratic Equation.”’ School and 
Society 45: 684-85, 1937. 

Reesp, R. C. “Quadratic Equations in En- 
gineering Problems.”’ National Mathematics 
Magazine 18: 99-105, 1943. 

Scuuter, E. ‘‘Application of Professional Treat- 
ment to the Quadratic Function.”’ School 
Science and Mathematics 37: 536-48, 1937. 

Suaw, James B. “Chapter on the Aesthetics 


of the Quadratic.” Toe Maruematics 
TEACHER 21: 121-34, 1928. 

Wituiams, K. P. The General Equation of the 
Second Degree. National Mathematics Maga- 
zine 16: 37-43, 1941. 


2. ALGEBRAIC METHODS 


Crrut, J. W. “A Method for Solving Quadratic 
Equations.”’ American Mathematical Monthly 
44: 462-63, 1937. 

GaLLaGHER, J. M. “Factoring; a Dissertation 
on the Case az?+br+c. School Science and 
Mathematics 13: 798-800, 1913. 

GILLESPIE, RayMOND. “Solutions of the Quad- 
ratic Equation.” The Pentagon 9: 59-84, 
1950. 

Hawkins, R. H. “Developing the Quadratic 
Equation.” School (Secondary Edition) 
32: 428-29, 1944. 

Jones, Puiuurp 8. “Solutions of the Quadratic 
Equation.” THe Maruematics TEACHER 
44: 193-94, 1951. 

Matuory, A. E. General Method for 
Solving a Quadratic Equation.” THe 
MarTHematics TEACHER 40: 40-42, 1947. 

Mippueton, H. G. “Solution of Quadratic 
Equations.”’ Mathematical Gazette 30: 151, 
1946. 

Moritz, R. ‘Character of the Roots of a Quad- 
ratic Equation.” School Science and Mathe- 
matics 20: 433-34, 1920. 

Murray, W. “Deriving the Quadratic For- 
mula.”’ School Science and Mathematics 38: 
785-86, 1938. 

Porces, Artuur. “Again that Quadratic Equa- 
tion.”’ School Science and Mathematics 44: 
565-68, 1944. 

Scurumm, A. E. ‘The Solution of a Quadratic 
by Completing the Square.” Australian 
Mathematics Teacher, vol. 2, Mathematical 
Notes, #40, 1946. 

Sreen, F. H. “A Method for the Solution of 
Polynomial Equations.’”?” American Mathe- 
matical Monthly 44: 637-44, 1937. 

Srrurk, ApRIAN. “Note on a Derivation of the 
Quadratic Formula.” School Science and 
Mathematics 40: 410, 1940. 

——. “Quadratic Equation.’’ School Science 
and Mathematics 40: 760-62, 1940. 

———. “The Solution of the Quadratic Equa- 
tion.’”? School Science and Mathematics 42: 
882-83, 1942. 

Waits, B. “Quadratic Formula.” School Science 
and Mathematics 40: 145, 1940. 


or 


3. GRAPHIC AND GEOMETRIC Metuops 


CARNAHAN, H. ‘Geometric Solutions 
of Quadratic Equations.’”’ School Science and 
Mathematics 47: 687-92, 1947. 

DarneE Lt, A. “A Graphical Solution of the Quad- 
ratic Equation.”’ School Science and Mathe- 
matics 11: 46-47, 1911. 

Forp, L. R. “An Alignment Chart for the 
Quadratic Equation.’’ American Mathemat- 
ical Monthly 46: 508-11, 1939. 
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Jones, Puiuurp 8. “A Geometric Solution of the 
Quadratic Equation.’”” THz 
TEACHER 43: 279-80, 1950. 

Lipka, J. “Alignment Charts.”” Toe MarTue- 
MATICS TEACHER 14: 171-78, 1921. 

Saag, J. “Graph of the Unit Parabola.’’ School 
Science and Mathematics 18: 334-37, 1918. 

Sureve, D. and Keuier, M. “Note on the 
Sketching of the General Parabola.’’ School 
Science and Mathematics 39: 812-13, 1939. 


4. Stipe RuLE SoLuTions 


Barker, I. C. “A Slide Rule for Quadratic 
Equations.”’ School Science and Mathematics 
35: 811-13, 1935. 

Barnett, J. “Solving Quadratics by Slide Rule.”’ 
Civil Engineering 8: 117, 1938. 

CoLwELL, R. ‘Solution of Quadratic and Cubic 
Equations on the Slide Rule.” Tus Marue- 
MATICS TEACHER 19: 162-65, 1926. 

D. “Slide Rule Solves Quadratic and 
Cubic Equations.” Engineering News-Record 
114: 54, 1935. 

Hicains, T. “Slide-Rule Solutions of Quadratic 
and Cubic Equations.’’ American Mathe- 
matical Monthly 44: 646-47, 1937. 

Sautmon, W. “Solution of Quadratic Equations 
by the Slide Rule.”” Mathematical Gazette 24: 
117-18, 1940. 


5. DETERMINATION OF IMAGINARY 
Roots 
BuaKESLEE, T. M. “Graphical Solution of 


Quadratic with Complex Roots.’’ School 
Science and Mathematics 11: 270, 1911. 


What's new? 


Feur, Howarp. “Graphical Representation of 
Complex Roots.”’ National Council of Teach- 
ers of Mathematics, 18th Yearbook, 1945, 
pp. 130-138. 

Spirra, T. “Ein Nomogramm, welches auch 
jmaginare Wurzeln der quadratische Gleich- 
ung zu bestimmen gestattet.’’ Zeitschrift 
fiir Mathematischen und Naturwissenschaft- 
lichen Unterricht 61: 255-60, 1930. 

Weinscuge, G. “A Graphic Determination of the 
Complex Solutions of the Quadratic Equa- 
tion z?+az+b=0." School Science and 
Mathematics 33: 555-56, 1933. 

Wooprurr, J. 8. “Euclidean Construction for 
Imaginary Roots of the Quadratic Equa- 
tion.”” School Science and Mathematics 34: 
950-57, 1934. 

Yanostx, A. “Graphical Solutions for 
Complex roots of Quadratics, Cubics and 
Quartics.”” National Mathematics Magazine 
17: 147-50, 1943. 


6. TRIGONOMETRIC METHODS 


Aupg, H. T. R. ‘‘The Solutions of the Quad- 
ratic Equation Obtained by the Aid of 
Trigonometry.’’ National Mathematics Maga- 
zine 13: 118-21, 1938. 

Coruss, J. J. ‘Solution of the Quadratic Equa- 
tion by Means of Complex Numbers.” 
School Science and Mathematics 38: 256-58, 
1938. 

Poraes, Artuur. “Solution of the Quadratic 

by Hyperbolic Functions.’’ School Science 

and Mathematics 55: 683-84, 1955. 


BOOKS 


COLLEGE 


Abacs or Nomograms, A. Giet. Translated and 

* revised by J. W. Head and H. D. Phippen, 

New York, Philosophical Library, 1956. 
Cloth, ix +225 pp., $12.00. 

Irrational Numbers, Ivan Niven, New York, 
John Wiley and Sons, Ine., 1956. Cloth, 
xii +164 pp., $3.00. 

Theory of Groups (Volume One), A. G. Kurosh. 
Translated and edited by K. A. Hirsch, New 
York, Chelsea Publishing Company, 1955. 
Cloth, 272 pp., $4.95. 

Theory of Groups (Volume Two), A. G. Kurosh. 
Translated and edited by K. A. Hirsch, New 
York, Chelsea Publishing Company, 1956. 
Cloth, 308 pp., $4.95. 


MISCELLANEOUS 


Communication and the Communication Arts, 
reprint, New York, Bureau of Publications, 


Teachers College, Columbia University, 
1955. Paper, 90 pp., $1.00. 
Cryptanalysis (Dover ed.), Helen Fouché 


Gaines, New York, Dover Publications, 1956. 
Paper, vi+237 pp., $1.95. 

Encouraging Scientific Talent, Charles C. Cole, 
Jr., New York, College Entrance Examina- 
tion Board, 1956. Paper, ix +259 pp., $3.50. 

Mathematics for Electronics, Henry M. Nodel- 
man and Frederick W. Smith, New York, 
McGraw-Hill Book Co., Inc., 1956. Cloth, 
viii+391 pp., $7.00. 

Measurements of Mind and Matter, G. W. Scott 
Blair, New York, Philosophical Library, Inc., 
1956. Cloth, 115 pp., $4.50. 
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A new day? 


POINTS AND VIEWPOINTS 


A column of unofficial comment 


by Maurice L. Hartung, University of Chicago, Chicago, Illinois 


Is a new day in mathematical education 
about to dawn? Will the ferment working 
in mathematical and science education 
yield a richer and more stimulating cur- 
riculum? 

Several groups including committees 
sponsored by national organizations are 
exploring ways of improving instruction 
in mathematics. Institutes designed to 
help high school mathematics teachers 
become better grounded in modern mathe- 
matical theory are increasing in number. 
“Experimental curriculums” for high 
school students are attracting attention 
and comment which, if not always favor- 
able, is at least not generally hostile. 

This is not the first time in educational 
history that a movement for reform in 
mathematical instruction has welled up. 
In the past such movements have received 
their impetus from two disparate sources. 
One source was a small group within the 
mathematical family—notably men like 
Felix Klein and E. H. Moore. Other 
mathematicians listened but took no 
active role in producing changes in the 
curriculum. The other impetus came from 
outside the family—primarily from princi- 
pals and superintendents of schools and 
professors in schools of education. Mathe- 
maticians resented and generally resisted 
proposals of reform from this source. 

At present mathematicians are again 
taking an active role by demanding 


changes and participating in the explora- 
tion of the specific directions that these 
changes should take. In contrast to times 
past, however, there seems now to be a 
much wider base for support of the move- 
ment both within and outside the ranks of 
professional mathematicians. The situa- 
tion looks very promising, but this promise 
may never become reality, or be so long 
delayed that needs will have changed. 

The problem of building an effective 
curriculum is not a simple one. Although 
one can find frequent references to “eur- 
riculum theory” in educational literature, 
at the present time the theories that exist 
must be regarded as rather primitive. 
Nevertheless, the major elements of a 
model for curriculum building are widely 
accepted by professional curriculum work- 
ers. The issue to be considered in the 
paragraphs that follow is this: To what 
extent does current activity looking to- 
ward changes in the mathematics curricu- 
lum constitute a realization of modern 
general curriculum theory? 

First, general curriculum theory recog- 
nizes that the process of education takes 
place in situations that involve persons in 
particular times, places, and circum- 
stances. Among these circumstances is the 
content with which the learner deals. The 
purpose of education is to change the 
behavior of these persons; that is, the way 
they think, feel, and act in given situa- 
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tions. Statements of the objectives of edu- 
cation are specifications of the behavior 
that is desired or to be sought for. 

Second, the determination of valid ob- 
jectives depends upon the prior determina- 
tion of certain other components. One of 
these components is called a “philosophy 
of education.” If properly formulated it 
consists of a set of statements of value 
positions held by those who are determin- 
ing what the curriculum is to be. For 
example, is the curriculum to be forall 
normal youth, or only for a selected sub- 
group? Are methods and practices to be 
democratic or authoritarian? Statements 
of this sort play a role that is analogous to 
that of the postulates in a deductive logical 
system. 

A second major component of the 
machinery for curriculum building is a 
“psychology of learning.”’ This consists of 
statements of principles of learning theory 
that are to be governing, and of selected 
findings of psychological research that 
are relevant to the decision-making proc- 
ess in curriculum building. In_ theory, 
some of these statements play roles not 
unlike the operational rules in mathe- 
matical theory—they tell what you should 
or should not do in given situations. 

When subject-matter specialists, such 
as mathematicians, start out to build a 


curriculum they are inclined to treat the’ 


philosophical and psychological compo- 
nents in cavalier fashion. The highly 
trained subject-matter specialist is prop- 
erly an enthusiast for his field of com- 
petence. In curriculum planning he moves 
as fast as he can toward the identification 
of the content he believes students should 
learn. It is true that completion of this 
task is a necessary condition for the deter- 
mination of valid objectives, but it is not 
sufficient. Of at least equal importance are 
tasks of another sort. Decisions must be 
made which to be valid depend upon com- 
petence in fields other than mathematics. 
Teachers and professional mathematicians 
are rarely experts in these fields. 

Modern psychological theory, for ex- 


ample, commonly employs selected tech- 
nical concepts of its »wn such as need, 
readiness, capacity, and inhibition. Ex- 
tensive bodies of empirical evidence now 
exist to support conclusions about learn- 
ing expressed in terms of these concepts. 
Time and energy are wasted when efforts 
to select content and to organize it for 
instructional purposes proceed without 
adequate use of philosophical and psycho- 
logical controls on these processes. 

The derivative of a function is a concept 
of unquestioned importance in mathe- 
matics and science, but no sensible person 
would propose that it be taught in the 
elementary grades. This is because persons 
with sufficient intelligence and education 
to know what a derivative is immediately 
recognize that elementary school pupils 
do not have need, readiness, capacity, 
or motivation for meaningful learning 
of this concept. To force them would 
doubtless lead to inhibitions relative to 
learning other mathematical concepts. 
In the case of many concepts and situa- 
tions, the decision to select or reject is not 
so easily made. In these cases the controls 
or criteria of the kinds found in curricu- 
lum theory should be operative. 

It is to be hoped, therefore, that leaders 
in the current efforts to reform the mathe- 
matics curriculum will seize this oppor- 
tunity to make their own philosophy of 
education explicit, and will also see to it 
that the psychological principles underly- 
ing their proposals are also clearly enun- 
ciated. They should take every possible 
step to insure that the emerging curricu- 
lum will not only be modern and mathe- 
matically sound, but also teachable. 
Above all, it must be learnable by those 
for whom it is designed. The intellectual 
demands of mathematics are such that the 
subject inevitably acts as a selector. Un- 
fortunate decisions concerning what is 
teachable may make the subject overly 
selective in spite of demands for more 
rather than fewer minds familiar with its 
discipline. Mathematicians should not 
attempt to make these decisions alone. 
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NCTM 


THE 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Report of the Membership Committee 


Mary C. Rogers, Chairman, Membership Committee, Roosevelt Junior High 
School, Westfield, New Jersey 


The Membership Committee of the Na- 
tional Council of Teachers of Mathematics 
is pleased to report to you the results of 
the 1954-1956 Membership Campaign, 
and to thank you for your fine support and 
direct helpfulness in bringing about the 
generous increase in membership which 
was accomplished. It was this assistance 
on the part of each of you as individuals 
which has largely made this accomplish- 
ment possible. We are indeed grateful to 
you for your enthusiastic cooperation. 


RECORD OF MEMBERSHIP GROWTH 


We are submitting herewith the latest 
membership analysis based on the mem- 
bership count by states received from the 
Washington Office early in May 1956. 
Please study it carefully for the over-all 
picture it presents, and for the results 
which you have helped bring about in 
your various states. 

In this analysis, you will notice a total 
count of 13,827 members. This represents 
a relative achievement of 92.2% of the 
total 15,000, the goal set for us in April 
1954. 

More specifically, we are pleased to an- 
nounce: 

1. 56% of all states and regions show a relative 
achievement of 90-188% of their established 
goals. 

2. 13% have attained from 86-89% relative 
achievement. 

3. 12% have a standing of 80-84% of goal. 

4. 13 states have “gone over the top,” while 


14 states have fewer than 20 members each 
to secure to reach their goals. 

5. The following 13 states and territories have 
reached their goals or gone beyond them: 


U. 8. Possessions 188% Canada 116% 
Arizona 177% New 

Nevada 164% Hampshire 114% 
South Dakota . 145% Wisconsin 111% 
Oregon 131% California 101% 
Utah 125% Texas 100% 
District of Columbia 116% Vermont 100% 


6. Membership achievement in these 16 states 
shows 90-99% of established goals: 


Florida 99% Colorado 93% 
Washington 99% Delaware 93% 
Montana 98% Kansas 92% 
New York 98% Pennsylvania 92% 
Maine 97% Iowa 91% 
Wyoming 97% Michigan 91% 
Connecticut 96% New Jersey 91% 
Maryland 94% Illinois 90% 


7. Membership in the following 7 states shows 
85-89% achievement: 


Massachusetts 89% Virginia 87% 
New Mexico 89% Louisiana 86% 
Oklahoma 89% Mississippi 86% 
Indiana 88% 
Other indications of progress include: 
LEADERS IN MEMBERSHIP TOTALS 
1. New York 1152. 6. Ohio 613 
2. Illinois 1075 7. Michigan 544 
3. California 888 8. New Jersey 511 
4. Pennsylvania 844 9. Indiana 478 
5. Texas 673 10. Wisconsin 465 
LEADERS IN MEMBERSHIP GROWTH 
(Since April 1955) 
1. Illinois 311 6. Wisconsin 158 
2. California 309 7. New Jersey 145 
3. New York 289 8. Michigan 144 
4. Texas 193 9. Ohio 133 
5. Pennsylvania 189 10. Indiana 126 
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The National Council of Teachers of Mathematics 
Analysis of Membership Growth, April 1955-May 1956 


’ April April May 
1956 1956 1956 Goals Per Cents 

Alabama 108 132 135 170 79% 
Arizona a ae 40 104 106 60 177% 
92 102 106 171 62% 
579 873 888 879 101% 
Colorado. .... 143 168 168 180 93% 
180 219 220 228 . 96% 
District of Columbia. 131 213 214 185 116% 
237 337 346 351 99% 
a 202 264 270 296 91% 
re 7 98 98 123 80% 
52 71 67 69 97% 
Massachusetts............. 323 381 389 440 89% 
83 103 106 123 86% 
17 23 23 14 164% 
Now 44 67 74 65 114% 
366 490 511 561 91% 
655 813 844 920 92% 
ee 33 53 52 36 145% 
154 187 207 246 84% 
480 653 673 672 100% 
43 60 60 48 125% 
250 309 310 357 87% 
27 34 35 36 97% 

and other U. 8. Possessions...... 43 102 102 74 188% 
10, 256 13 ,468 13,827 15,002 92% 
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GREATEST RELATIVE GROWTH 


(Since April 1955) 


1. U.S. Possessions 9. Wisconsin 
2. Arizona 10. Delaware 
3. New Hampshire 11. Florida 


12. Illinois 
New Jersey 
Texas 


Utah 


4. Canada 
5. District of Columbia 13. 
6. Oregon 14. 
7. South Dakota 15. 
8. California 


PLANS FOR THE FUTURE 


This record of membership progress was 
reported to the National Council Board of 
Directors at its 1956 summer meeting in 
Los Angeles. Your membership committee 
was asked to continue its work with you 
for another two-year period. Our goal for 
total membership remains 15,000; sug- 
gested goals for states and regions will re- 
main as heretofore established. 

Most commendable growth in NCTM 
membership has been made, but the serv- 
ices of the Council still are not reaching 
a great many mathematics teachers and 
other persons throughout the country who 
are interested in the betterment of mathe- 
matics education. We want very much to 
correct this inadequacy, and we shall con- 
tinue to work hard to do so. With your 
increasingly enthusiastic support and as- 
sistance we are confident we shall make 
great strides toward reaching these people. 

How can you help membership growth 
in your state? How can you further 
NCTM membership progress toward the 
15,000 goal? May we suggest that future 
procedures follow closely those you have 
found effective in the past. 


1. Will each of you please secure at least 
one new member for the Council? We have found 
the ‘““Each-One-Win-One”’ technique to be one 
of our most valuable aids and urge its con- 
tinuance and positive use by all current leaders 
and members. 

2. Prompt renewals of present memberships 
greatly facilitate the keeping of records and the 
preparation of frequent reports. 

3. You who are members of the mathematics 
staff in colleges of education and similar educa- 
tion centers can be of invaluable assistance 
through your continued stimulation of interest 
in NCTM services among your students. 

4. A similar service can be rendered with in- 
creasingly fine results by you who are super- 
visors or department chairmen in your work with 
your teachers. 

5. Many state and other local associations of 
mathematics teachers are affording the Council 
most valuable publicity at your meetings and 
through your publications. A continuation and 
expansion of this fine support will be deeply 
appreciated. 

6. Your continued strong support of NCTM 
state representatives will greatly facilitate the 
outstanding work they are performing for the 
Council. 

7. May we remind you that library and 
other institutional subscriptions are counted 
toward the 15,000 goal, although they are not 
considered as memberships. 


Your membership committee will keep 
you informed of membership progress as 
often as it is available to us. You will hear 
from us at least twice a year through this 
publication. Reports will be made at all 
National Council meetings and will be 
available for release at your local meetings 
and through your local publications. 

We welcome your advice and sugges- 
tions at any time for the improvement of 
this membership service. 

Please accept our best wishes for a 
most successful year in all of your pro- 
fessional endeavors. 
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Seventeenth Christmas Meeting 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Arkansas State College, Jonesboro, Arkansas 
December 27-29, 1956 


Your very able President, Howard F. 
Fehr, will preside at the first general ses- 
sion. 

Mrs. Marie Wilcox, your charming Past- 
President, will address us at a general ses- 
sion on Friday morning, December 28. 
The title of her talk: ““Now is the Time.” 
Mrs. Wilcox’s presentation will prove both 
inspirational and informational. 

Henry Van Engen, the Editor of THE 
MATHEMATICS TEACHER, will participate 
in discussions of pertinent problems in the 
teaching of mathematics with us, 

Report from Mr. Frank Allen, Chairman 
of The Curriculum Committee of The Na- 
tional Council of Teachers of Mathematics. 
—Mr. Allen’s committee of seven very 
able people are getting things done! The 
committee’s final report, in my opinion, 
will be as significant as the 1923 report, 
The Reorganization of Mathematics in Sec- 
ondary Education, or the 15th yearbook, 
The Place of Mathematics in Secondary 
Education. Plan to come to Jonesboro to 
hear what Mr. Allen has to say. 

Beberman and Page make ‘Time’— 
More than half the Education section of 
Time dated July 23, 1956, was devoted to 
the type of mathematics program being 
developed in Illinois. Mr. Beberman and 
participants will tell us about the latest 
developments in their experimental high 
school mathematics program. The second- 
ary mathematics program is due for change. 
Be in Jonesboro during the Christmas holi- 
days to hear what Mr. Beberman and par- 
ticipants will have to propose to improve 
the mathematics program. 


Much is being said about modern math- 
ematics. We shall have outstanding math- 
ematicians tell us what they believe the 
secondary schools can do to incorporate 
new ideas into present programs. 

Leaders in the elementary field will be in 
Jonesboro to inform and inspire us. Laura 
H. Eads from New York, Louis FE. Ulrich 
from Milwaukee, Wisconsin, Glenadine 
Gibb from Cedar Falls, Iowa and many 
others will be participants in the Christ- 
mas meeting. 

Are you up-to-date on the Science Teach- 
ing Improvement Program? Come to 
Jonesboro to hear experts tell us about it. 

Thomas J. Fritts, Exhibits Manager, In- 
terpreter, U. S. Atomic Energy Commis- 
sion, Oak Ridge, Tennessee, will speak on 
this topic: “Aspects of Nuclear Science as 
Related to Peacetime Uses.’”’ Rather an 
inviting topic, isn’t it? 

There are many, many more highlights 
too numerous to mention. May I mention 
only a few more of the outstanding leaders 
in the field of the teaching of mathematics, 
who will be on the program: Edith Wool- 
sey, Sheldon Myers, Philip Peak, Carl H. 
Shuster, Clifford Bell, Lynwood Wren, 
Charles W. Curtis, W. A. Gager, and Dale 
Carpenter. 

Who is the banquet speaker? B. J. New- 
church, Assistant Director, Esso Research 
Laboratories, Baton Rouge, Louisiana. 
What is his topic? “Mathematics in In- 
dustry.” 

You will have an opportunity to hear 
that dynamic speaker, Phillip S. Jones, 
from the University of Michigan. His 
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topic: “Enriching the Elementary Mathe- 
matics Courses for Engineers.” 

Oh yes—Reports on those important In- 
stitutes being held all over the United 
States. 

Our friend and local Chairman, Lyle 
Dixon, has arranged several sight-seeing 


and educational tours. He is also planning 
for lots of fun. 

We shall be looking for you in Jonesboro 
during the Christmas holidays. Make plans 
now. 


Milton W. Beckmann, Program Chairman 


Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issues of THE 


NCTM convention dates 


CHRISTMAS MEETING 

December 27-29, 1956 

Arkansas State College, Jonesboro, Arkansas 

Lyle J. Dixon, Arkansas State College, State 
College, Arkansas 


ANNUAL MEETING 

March 28-30, 1957 

Bellevue-Stratford Hotel, Philadelphia, Penn- 
sylvania 

M. Albert Linton, William Penn Charter School, 
Philadelphia, Pennsylvania 


Other professional dates 


Chicago Elementary Teachers Mathematics Club 

December 10, 1956 

Toffenetti’s Restaurant, 65 West Monroe Street, 
Chicago, Illinois 

Genevieve E. Johnson, Volta School, Chicago, 
Illinois 
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Maruematics TEACHER. Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 
Sixteenth Street, N.W., Washington 6, D. C. 


JOINT MEETING WITH NEA AND NSTDA 

July 1, 1957 

Philadelphia, Pennsylvania 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D. C. 


SUMMER MEETING 
August 19-21, 1957 
Carleton College, Northfield, Minnesota 
Margaret Linster, St. Louis Park High School, 
Minneapolis 16, Minnesota, or Kenneth O. 
May, Carleton College, Northfield, Minne- 
sota 


Women’s Mathematics Club of Chicago ana 
Vicinity 
February 9, 1957 
Tearoom of The Fair Store, State and Adams 
Streets, Chicago, Illinois 
Ruth Woerner, i1715 S. 82nd Court, Palos 
Park, Illinois 
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Join the 26,000 others 
who read the 


MATHEMATICS 
STUDENT JOURNAL 


A quarterly publication 
of the 
National Council of Teachers 


of Mathematics 


Written for secondary-school students. 


Gives enrichment and recreational ma. 


terial. 


Contains a problem section to which 
students may contribute problems and 


solutions. 


Students look forward eagerly to its 


arrival. 


Two issues each semester, in October, 


December, February, and April. 


Sold only in bundles of 5 copies or 
more. Price computed at single-copy 
rates of 20¢ per year, 15¢ per semester, 
making the minimum order only $1.00 


per year or 75¢ per semester. 
Please send remittance with your order. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


TRY THE EASY, DUSTLESS 
WAY of BLACKBOARD WRITING 


NEW HAND-GIENIC, the auto- 
matic pencil that uses any standard 
chalk, ends forever messy chalk 
dust on your hands and clothes. No 
more recoiling from fingernails 
scratching on board, screeching or 
crumbling chalk. Fits hand like a 
fountainpen. . . . Scientifically bal- 
anced, chalk slides along board fF) 
with amazing ease, making chalk “agg 
writing a smooth pleasure. At a Ww 
push of a button chalk ejects . 

retracts for carrying in pocket or 

purse ... “chalk-hunting” becomes a thing of 
the past. It’s the “natural” gift for a fellow 
teacher too. 


3 YEAR WRITTEN GUARANTEE 


STURDY METAL CONSTRUCTION for 
long, reliable service. It’s backed by a 3 year 
written guarantee. Jewel-like 22 K. gold plated 
cap that contrasts beautifully with onyx-black 
barrel. It’s distinctive to use, thoughtful to 
give. 


FREE TRIAL OFFER 


Try it at our risk: Send only $2 for one (or $5 
for set of 3) postage free (no C.O.Ds.). Enjoy 
HAND-GIENIC for 10 days, show it to other 
teachers. If not delighted, return for full re- 
fund. You have nothing to lose. Ask for quan- 
tity discounts and Teacher-Representative 
plan. It’s not sold in stores. Don’t do without 
it any longer; ‘ 


HAND-GIENIC SPECIALTY CO., Dept. T 
161 W. 23 ST., NEW YORK 11, N.Y. 


: SEND COUPON 7 
‘ 

HAND-GIENIC SPECIALTY CO., Dept. T 
1 161 W. 23rd St., New York 11, N.Y. 1 
: YES, I want to try HAND-GIENIC for ten days. 1 
1 I enclose $2 for 1 $5 for 3. Postpaid. : 
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Trigonometry for Secondary 
ye Schools, 2nd Edition 


BUTLER and WREN 


i Designed for high school students, this text stresses thorough explana- 
tions, full development of concepts, and reviews of background material. 


The Second Edition has new problems and exercises and a rearrange- 


ment of the material in two important chapters—all planned in response 
ooks to today’s special needs. 


Mathematical Analysis 


E. J. CAMP 


Here is an integrated treatment of topics from college algebra, trigo- 
nometry, analytic geometry, and calculus. You will like the author’s 
informal, clear style of writing and the lucidity and fullness of all ex- 
planations. A distinctly teachable text. 


Sales Offices: Englewood, N.J. Chicago 16 San Francisco 5 Atlanta 3 Dallas 1 
fome Office: Boston 16 


NOW in its Second Printing 
THE LEARNING OF MATHEMATICS 
Its Theory and Practice 


Twenty-First Applies the most recent discoveries concerning the nature of the 
Yearbook learning process to the problems of your mathematics classroom. 
of the 
National Discusses many questions about drill, transfer of training, prob- 
Council lem-solving, concept formation, motivation, sensory learning, in- 
of dividual differences, and other problems. 
Teachers . . . . 
Authorities consider it a significant contribution to the literature 
of & 
Mathematics in mathematics education. 


Price, $4.00. To members of the Council, $3.00. 


Postpaid if you send remittance with your order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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Quod erat demon- 


arithmetic 
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Honors mathematics at Dartmouth. Jonn G. 
Kemeny. Oct., 455-57. 

How to draw a multiplication and division 
nomograph. Donovan A. JOHNSON. May, 
391-92. 

How to draw an addition and subtraction 
nomograph. Donovan A. JoHNnson. Apr., 281. 

Illustrating simple, transformations. 
KoENEN. Oct., 467-68. 

The impact of modern mathematics on second- 
ary schools. SauNpERS Feb., 66-69. 

An improved trigtractor. Epwin Eaaue. Jan., 
28-29. 

The influence of the study of plane geometry 
on critical thinking. CARMEN C. MassIMIANO. 
Feb., 151-53. 

Interpretation of the hypothesis in terms of the 
figure. HeLen L. Garstens. Dec., 562-64. 
An introduction to negative integers. CHARLES 

Nov., 531-34. 

Irrationals or incommensurables I: their dis- 
covery, and a “logical seandal.’”’ S. 
Jones. Feb., 123-27. 

Irrationals or incommensurables IT: the irration- 
ality of \/2 and approximations to it. Patiuip 
S. Jones. Mar., 187-91. 

Irrationals or incommensurables III: the Greek 
solution. Putiure Jones. Apr., 282-85. 
Irrationals or incommensurables IV: the tran- 
sitional period. Putiurp 8. Jones. Oct., 469- 

vt. 

Irrationals or incommensurables V: their ad- 
mission to the realm of numbers. Paruurp S. 
Jones. Nov., 541-43. 

Junior high school mathematics and the man- 
power shortage. Ciype Parrisu. Dec., 
611-16. 

Let’s look at language. I. H. Brune. 43, 153, 
277, 365. 

Mathematical deficiencies of college freshmen. 
HARRISON GEISELMANN. Jan., 22-25. 

Mathematical handwriting on the wall. Wi.- 
L. Scuaar. Nov., 551-53. 

Mathematical miscellanea. ApRIAN SrruyK, 
Editor. 34, 128-33, 192-94, 286-88, 387-98, 
544-47. 

Mathematical talent and the National Science 
Fair. L. Scuaar. Nov., 553-54. 
Mathematics and Nazism in retrospect. W1t- 

L. Scuaar. May, 403-05. 

Mathematics and the changing curriculum of 
post-war Japan. Danren W. SNApER. May, 
383-90. 

Mathematics in New Zealand schools. Max 
RiskeE. Oct., 431-34. 

Mathematies in the junior high school. LuctEN 
B. Kinney and Dan T. Dawson, Editors. 
37-38, 134-37, 195-99, 399-402, 473-74, 548- 
50, 611-16. 

Mathematics on stamps. H. D. Larsen. May, 
395-96. 

The mathematics program in West High School, 


Green Bay, Wisconsin. Cart D. Rorrnia. 
Mar., 211-14. 

Mathematics texts and teachers: a_ tirade. 
Morris Kune. Mar., 162-72. 

Memorabilia mathematica. W1LLIAM L. ScHAAF. 
39-43, 138-42, 200-04, 289-94, 403-05, 475- 
78, 551-54, 617-21. 

Men at work. Wiiiiam L. Scuaar. Feb., 138- 
39. 

Method—computation—answer. Humpnrey C. 
Jackson. Oct., 492-93. 

Millions of pages for mathematics education. 
M. H. Feb., 154-55. 

A minor sidelight on a great man. Oct., 471-72. 

Minutes of the Annual Business Session. Hous- 
Ton T. Karnes. Oct., 498-99. 

Minutes of the Seventh Delegate Assembly. 
H. Guenn Ayre, Editor. Oct., 500-03. 

More on factoring the trinomial. Sister Mary 
Do.orosa A. Apr., 304. 

More on the cutting of squares. MATHEMATICS 
STAFF OF THE COLLEGE, Univ. of Chicago. 
Oct., 442-54. 

A multi-model demonstration board. DoNovAN 
A. Jounson. Feb., 121-22. 

The mysterious number PHI. Sister Marie 
Strepuen, O.P. Mar., 200-04. 

The National Council and the classroom teacher. 
Marre 8. Wiicox. May, 406-07. 

National Council news. Howarp F. Feur. Oct., 
479-80. 

National Council news. 
50-51, 205-06. 

National enrollments in high school mathe- 
matics. KENNETH Brown. May, 366-67. 

The national status of mathematics contests. 
Dante B. Lioyp. Oct., 458-63. 

NCTM Committees (1956-57). Nov., 567-70. 

A new day? Maurice L. Hartuna. Dec., 622- 

A note on age problems. Haze, ScHOONMAKER 
Witson. Jan., 26-27. 

Notes from the Washington office. M. H. 
AHRENDT. 154-55, 305-06, 410-11, 504-05, 
565-66. 

Observations on the prestige of mathematics. 
L. Scuaar. Oct., 476-77. 

Odd and even—a game. P. h. NyGaarp. May, 
397-98. 

Officers of the NCTM Affiliated Groups. H. 
GLENN Ayre. Apr., 307-12. 

On preparing mathematical material for print. 
L. Scuaar. Nov., 554. 

On the calculus as a required subject. WILLIAM 
L. Scwaar. Apr., 293-94. 

On the formulation of certain arithmetical] 
questions. Hersert J. Curtis and Karu 
Mencenr. Nov., 528-30. 

On the mathematical training of navy person- 
nel. WriuraM L. Scuaar. Feb., 141-42. 

On the scope of mathematics—then and now. 
L. Scuaar. Apr., 291-92. 

On the usefulness of mathematical learning 
(1700 a.p.). L. Scuaar. Oct., 475- 
76. 

Organizing a mathematics cluh. ANNIE JOHN 
Feb., 149-50. 

Our national debt reduced 


Marie 8. WILcox. 


to 54,253,475 
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dominions? Henry CLARENCE CHURCHMAN. 

May, 353-55. 

A paper model for solid geometry. Erne. 
Saupe. Mar., 185-86. 

Perfected Benjamin Franklin magic squares. 
ANDREW 8. ANEMA. Jan., 35-36. 

Philately and mathematics—a further note. 
L. Scuaar. Apr., 289-90. 

The place of evaluation in the secondary school 
program. Marian C, Currre. Apr., 270-73. 

Points and viewpoints. Howarp F. Fenr. 50 
51, 143-44, 205-06, 295-97, 406-07, 479-80, 

5-56, 622-23. 

Practical determination of the rank of a matrix. 
N. B. Conxwricut. May, 344-46. 

Prediction of success in elementary algebra. 
GERALDINE Sax SHaw. Mar., 173-78. 

The problem of varying abilities among students 
in mathematics. Witu1am D. Reeve. Feb., 
70-78. 

A problem on the cutting of squares. MaTue- 
MATICS STAFF OF THE CoLLEGE, Univ. of 
Chicago. May, 332-43 

Problem-solving. KATHERINE FE. O’Brien. Feb., 
79-86. 

Prove as much as you can. Ropert R. HAuwey. 
Oct., 491-92. 

Proximity of prerequisite learning and success 
in trigonometry in college. J. M. Wore. 
Dec., 605-06. 

Psychology of learning in the junior high school. 
Howarp F. Fenur. Apr., 235-40. 

Pupil discovery in junior high school mathe- 
matics. C. Lowry. Apr., 301-03. 
Quod erat demonstrandum. Harouip P. Faw- 

cETT. Jan., 2-6. 

tationalizing multiplication of decimal frac- 
tions. Jonn L. Marks. May, 339-402. 

Report of the Membership Committee. Mary C. 
Rocers, Chairman. Dec., 624-26. 

Report of the Nominating Committee. Jan., 
52-59. 

Reviews and evaluations. Ricuarp D. Crum- 
LEY and Roperick CC. McLENNAN, Editors. 
44-46, 145-48, 207-10, 298-300, 408-09. 

Reviews and evaluations. Ricuarp D. Croum- 
LEY, Editor. 481-88, 557-61, 610. 

The role of sensory materials in meaningful 
learning. Evnice Lewis. Apr., 274-77. 

foots and logarithms. F. Brown. 
Nov., 544 47. 

School and college mathematics. Wi_iiaAm L. 
DurReEN, Jr. Nov., 514-18. 

Sequoia Junior High School Math Team. Pavi 
H. Horepirz. Oct., 473-74. 

Seventeenth Christmas Meeting. Mrutron W. 
BecKMANN. Dec., 627-28. 

Short multiplication. Arr R. Amrr-Moerz. Oct., 
434. 

Sixteenth Summer Meeting. May, 412. 

Some comments on a simple puzzle. GERALD 
R. Ristna. Apr., 267-69. 

Some reflections on quadratic equations. Wr1L- 
LIAM L. Scuaar. Dec., 618-21. 

Some reflections on the teaching of geometry. 
L. Scuaar. Jan., 39-41. 

Some remarks on enrichment. Izaak Wirszvp. 
Nov., 519-27. 

Some thoughts on teacher education. JoHn R. 
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Mayor. Feb., 143-44. 

Some unusual mail. M. H. Anrenpr. May, 410- 
11. 

State representatives of The National Council 
of Teachers of Mathematics. Apr., 305-06. 
Statistics and baby chicks. Joun C. Suuster. 

Jan., 34-35. 

The status of the secondary mathematics pro- 
gram for the talented. R. A. BAUMGARTNER. 
Nov., 535-40. 

Still more on the cutting of squares. Mature- 
MATICS STAFF OF THE COLLEGE, Univ. of 
Chicago. Dec., 585—96. 

The supervisor plans a program through self- 
evaluation. Lesta Hoge. May, 347-52. 

A table of Stirling numbers of the second kind, 
and of exponential numbers. Francis L. 
Miksa. Feb., 128-33. 

Teaching the concept of cubic measure through 
the use of manipulative aids. JEN JENKINS. 
Oct., 489-90. 

Teaching the formula for circle area. JEN 
JENKINS. Nov., 548-49. 

The technical manpower shortage—an answer 
from the high school. THEopore S. Cooper. 
Oct., 435-41. 

Techniques for drill in arithmetic fundamentals. 
HuMPHREY JACKSON. Jan., 47-48. 

These things we believe. BEN A. Svevtz. Jan., 
19-21. 

Thirty-fourth Annual Meeting. Mar., 215-16. 

Three algebraic questions connected with 
Pythagoras’ theorem. Maruematics 
oF THE CoLLEGE, Univ. of Chicago. Apr., 
250-59. 

Three folding models of polyhedra. Aprran 
Strvuyk, Apr., 286-88. 

Time is running out. LANGeEr. 
Oct., 418-24. 

Tips for beginners. Francis G. LANKForpD, JR., 
Editor. 149-50, 301-03, 489-93, 562-64. 

The tomahawk. Bertram S. Sackman. Apr., 
280-81. 

Two notes on binomial coefficients. ADRIAN 
Srruyk. Mar., 192-94. 

Watch vour figures. Maupge Sexton. Feb., 87- 
88. 

What do we mean? Ropert E. K. Rourke and 
Myron F. Rosskopr. Dec., 597-604. 

What is going on in your school? Joun A. 
Brown and Houston T. Karnes, Editors. 
47-48, 151-53, 211-14, 304. 

What’s new? 49, 127, 178, 249, 407, 494, 547, 
621. 

What’s new in mathematics? F. Lynwoop 
Wren. Nov., 555-56. 

Why study mathematics in the secondary 
schools? FLANAGAN. Jan., 37-38. 
The White House conference on education and 
its implication for mathematics teachers 

KENNETH E. Brown. Apr., 295-97. 

Why Johnny hates math. Kart Menaer. Dec., 
578-84. 

Words! Words! Words! Henry Van ENGEN. 
Jan., 33. 

Yearly financial report. M. H. Anrenprt. Nov., 
565-66. 

Your professional dates. 51, 155-56, 217, 312 
13, 412-13, 499, 566, 628. 
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Subject index 


ABILITY GROUPING 
Honors mathematics at Dartmouth, 455- 
57. 
The problem of varying abilities among 
students in mathematics, 70-78. 
AFFILIATED GROUPS 
Minutes 
Minutes of the Seventh Delegate Assembly, 
500-03. 
State representatives 
State representatives of The National 
Council of Teachers of Mathematics, 
305-06. 
ALGEBRA 
Curriculum 
An algebra program for the bright ninth 
grader, 179-84. 
Functions 
Concerning the function concept, 368-71. 
Miscellaneous 
Practical determination of the rank of a 
matrix, 344-46. 
Three algebraic questions connected with 
Pythagoras’ theorem, 250-59. 
Two notes on binomial coefficients, 192-94. 
Operations 
More on factoring the trinomial, 304. 
Roots and logarithms, 544-47. 
Some reflections on quadratic equations, 
618-21. 
Teaching methods 
An algebra program for the bright ninth 
grader, 179-84. 
Concept learning in algebra, 425-30. 
Desirable alterations in order and empha- 
sis of certain topics in algebra, 361-65. 
An exploratory approach to solving equa- 
tions, 15-18. 
Graphing in elementary algebra, 260-66. 
An introduction to negative integers, 531— 
34. 
Prediction of success in elementary algebra, 
173-78. 
Verbal problems 
A note on age problems, 26—27. 
APPLICATIONS OF MATHEMATICS 
Contemporary applications of mathematics, 
322-29. 
kxdmund Halley on mortality tables, 41-43. 
ffective mathematics in industry, 356-59. 
Guided missiles . . . and mathematical edu- 
cation, 477-78. 
ARITHMETIC 
Teaching methods 
On the formulation of certain arithmetical 
questions, 528-30. 
Rationalizing multiplication of decimal 
fractions, 399-402. 
Short multiplication, 434. 
Techniques for drill in arithmetic funda- 
mentals, 47-48. 
AWARDS AND CONTESTS 
A community approach to general mathe- 
matics, 195-99. 
Mathematical talent and the National 
Science Fair, 553-54. 


The national status of mathematics con- 
tests, 458-63. 
CALCULUS 
Curriculum 
On the calculus as a required subject, 
293-94. 
Schools and college mathematics, 514-18, 
The status of the secondary mathematics 
program for the talented, 535-40. 
CLUBS, MATHEMATICS 
Organizing a mathematics club, 149-50. 
Sequoia Junior High School Math Team, 
473-74. 
COLLEGE PREPARATION 
Schools and college mathematics, 514-18. 
ConvENTIONS. See NCTM 
CuRRICULUM 
College 
For a better mathematics program 1) In 
the college, 89-99. 
Mathematics texts and teachers: a tirade, 
162-72. 
High school 
Building a mathematics program—an ad- 
venture in co-operative planning, 226-34. 
A “folded” one-track mathematics program, 
330-31. 
For a better mathematics program 2) In 
high-school geometry, 100-11. 
The impact of modern mathematics on 
secondary schools, 66-69. 
The mathematics program in West High 
School, Green Bay, Wisconsin, 211-14. 
A new day? 622-23. 
On the calculus as a required subject, 293- 
94, 
Schools and college mathematics, 514-18. 
The status of the secondary mathematics 
program for the talented, 535-40. 
Junior high 
Contributions of junior high schools to 
American mathematical education, 134- 
37. 
For a better mathematics program 3) In the 
junior high school, 112-20. 
Junior high school mathematics and the 
manpower shortage, 611-16. 
DELEGATE ASSEMBLY. See AFFILIATED GROUPS 
Devices. See VisuAL AIDS 
EVALUATION 
Mathematical deficiencies of college fresh- 
men, 22-25. 
The place of evaluation in the secondary 
school program, 270-73. 
The supervisor plans a program through 
self-evaluation, 347-52. 
GENERAL MATHEMATICS 
Curriculum 
A community approach to general mathe- 
matics, 195-99. 
GEOMETRY 
Miscellaneous 
The evolution of geometry, 372-82. 
Plane 
Can two lines coincide? 503. 
The influence of the study of plane geome- 
try on critical thinking, 151-53. 
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More on the cutting of squares, 442-54. 
A problem on the cutting of squares, 332 
43. 
Still more on the cutting of squares, 585-96. 
Solid 
Archytas’ duplication of the cube, 393-96. 
Teaching methods 
Interpretation of the hypothesis in terms of 
the figure, 562-64. 
Prove as much as you can, 491-92. 
Quod erat demonstrandum, 2-6. 
Teaching the formula for circle area, 548 
49. 
GIFTED PUPILS 
An algebra program for the bright ninth 
grader, 179-84. 
Honors mathematics at Dartmouth, 455- 
57. 
The problem of varying abilities among 
students in mathematics, 70-78. 
GRADING 
Are your standards in marking changing? 
4164—66. 
GRAPHS AND GRAPHING 
Graphing in elementary algebra, 260-66. 
(; UIDANCE 
Careers for the mathematician, 617-18. 
Junior high school mathematics and the 
manpower shortage, 609-14. 
The technical manpower shortage—an 
answer from the high school, 435-41. 
HisTorY OF MATHEMATICS 
American mathematics, 30-33. 
The evolution of geometry, 372-82. 
From ancient China ’til today, 607-10. 
The great Carnot, 7-14. 
Irrationals or incommensurables I: their 
discovery, and a “logical scandal,’’ 123- 
27 
Irrationals or incommensurables II: the 
irrationality of \/2 and approximations to 
it, 187-91. 
Irrationals or incommensurables III: the 
Greek solution, 282-85. 
Irrationals or incommensurables IV: the 
transitional period, 469-71. 
Irrationals or incommensurables V: their 
admission to the realm of numbers, 541- 
43. 
Mathematics and Nazism in retrospect, 
May, 403-05. 
A minor sidelight on a great man, 471-72. 
LLANGUAGE 
.. Eleven, twelve, ...,’ 367. 
Let’s look at language, 43, 153, 277, 365. 
LITERATURE 
Have you read? 398, 554. 
MATHEMATICS, GENERAL 
Cultural value of 
An “apology”’ for mathematics, 292-93. 
The dawn of an era, 290-91. 
Mathematical handwriting on the wall, 
551-53. 
Observations on the prestige of mathe- 
matics, 476-77. 
On the scope of mathematics—then and 
now, 291-92. 
On the usefulness of mathematical learning 
(1700 a.p.), 475-76. 
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Why study mathematics in the secondary 
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MATHEMATICS IN OTHER COUNTRIES 

An English schoolmaster looks at American 
mathematics teaching, 241-49. 

Mathematics and the changing curriculum 
of post-war Japan, 383-90. 

Mathematics in New Zealand schools, 431 
34. 

Some remarks on enrichment, 519-27. 

MEANING 
What do we mean? 597-604. 3 
Why Johnny hates math—, 578-84. 
Minutes. See NCTM and AFFILIATED GROUFS 
NCTM 
Conventions 

Seventeenth Christmas Meeting, 627-28. 

Sixteenth Summer Meeting, 412. 

Thirty-fourth Annual Meeting, 215-16. 

Yearly financial report, 565-66. 

Your professional dates, 312-13, 412-13, 
499, 628. 

Minutes 

Minutes of the Annual Business Session, 

498-99, 
Miscellaneous 

Millions of pages for mathematics educa- 
tion, 154-55. 

The National Council and the classroom 
teacher, 406-07. 

National Council news, 50-51, 205-06, 479 
80. 

National enrollments in high school mathe- 
matics, 366-67. 

Notes from the Washington office, 504-05. 

Report of the Membership Committee, 624— 
26. 

Some unusual mail, 410-11. 

The White House Conference on education 
and its implication for mathematics 
teachers, 295-97. 

Officers 

NCTM Committees (1956-57), 567-70. 

Officers of the NCTM Affiliated Groups, 
307-12. 

teport of the Nominating Committee, 
52-59. 

NOTATION AND TERMINOLOGY 

Further note on the printing of mathe- 
matics, 140-41. 

On preparing mathematical material for 
print, 554. 

NUMBERS AND NUMBER SYSTEMS 

The mysterious number PHI, 200-04. 

Our national debt reduced to 54,253,475 
dominions? 353-55. 

A table of Stirling numbers of the second 
kind, and of exponential numbers, 128- 
33. 

PHILOSOPHY 

A new day? 620-21. 

On the mathematical training of Navy 
personnel, 141—42. 

Some reflections on the teaching of geome- 
try, 39-41. 

These things we believe, 19-21. 

Time is running out, 418-24. 
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Don’t Miss These 


Successful New Publications 


RECREATIONAL MATHEMATICS, by W. L. Schaaf 


This bibliography, probably the most comprehensive ever published, lists recreational 
materials in 58 categories under the following main headings: general works, arith- 
metical and algebraic recreations, geometric recreations, assorted recreations, magic 
squares, the Pythagorean relationship, famous problems of antiquity, and mathematical 
miscellanies. 136 pages. $1.20. 


GEOMETRY GROWING, by W. R. Ransom 


An interesting collection of maicrials. Presents “bits of geometry growing” from 
Pythagoras to Newton. Valuable for curichment. Throws new light on many famous 


theorems, 40 pages. 75¢ each. 


BYROADS OF ALGEBRA, by Margaret Joseph 


Gives enrichment material on the level of high-school algebra. Discusses algebra to 
simplify arithmetic computations, number puzzles, and algebraic acrobatics. Useful for 
class or club. 16 pages. 40¢ each. 


HOW TO STUDY MATHEMATICS, by Henry Swain 


A popular selJer, this handbook was prepared for high-school students and written 
in their language. Contains many practical suggestions for succeeding in homework, 
classwork, taking tests, and the like. Gives special suggestions for studying some of 
the difficult areas in high-school mathematics. Illustrated. 32 pages. 50¢ each. 


A PORTRAIT OF 2, by Lawrence A. Ringenberg 


Written to enlarge the reader’s concept of number, this pamphlet discusses the 
number 2 from the viewpoint of modern number theory. 48 pages. 75¢ each, 


Postpaid if you send remittance with order. 


Quantity discounts. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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PROBLEM-SOLVING 
Method—computation—-answer, 492-93. 
Problem-solving, 79-86. 

PsYcHOLOGY 
Psychology of learning in the junior high 

school, 235-40. 

RECREATIONAL MATHEMATICS 

Mathematics on stamps, 395-96. 

Odd and even—a game, 397-98. 

Perfected Benjamin Franklin magic squares, 
35-36. 

Philately and mathematics—a further note, 
289-90. 

Some comments on a simple puzzle, 267-69. 
STATISTICS 
Statistics and baby chicks, 34-35. 
TEACHER EDUCATION 
Some thoughts on teacher education, 143- 
44, 

TEACHING METHODS 
High school 

Concept learning in algebra, 425-30. 

Graphing in elementary algebra, 260-66. 

Interpretation of the hypothesis in terms of 
the figure, 562-64. 

An introduction to negative integers, 531- 
34. 

Prediction of success in elementary algebra, 
173-78. 

Prove as much as you can, 491-92. 

Quod erat demonstrandum, 2-6. 

Teaching the formula for circle area, 548— 
49. 

Junior high 

Desirable alterations in order and empha- 
sis of certain topics in algebra, 361-65. 

An exploratory approach to solving equa- 
tions, 15-18. 

On the formulation of certain arithmetical 
questions, 528-30. 

Pupil discovery in junior high school 
mathematics, 301-03. 


Rationalizing multiplication of decimal 
fractions, 399-402. 

Short multiplication, 434. 

Techniques for drill in arithmetic funda- 
mentals, 47-48. 

Miscellaneous 

An English schoolmaster looks at American 
mathematics teaching, 

Mathematics texts and teachers: a tirade, 
162-72. 

Men at work, 138-39. 

Some remarks on enrichment, 519-2 

Watch your figures, 87-88. 

Tests. See EVALUATION 
TEXTBOOKS 

Mathematics texts and teachers: a tirade, 

162-72. 
UNDERSTANDING. See MEANING 
VISUAL AIDS 

Area device for a trapezoid, 391. 

The construction and measurement of 
angles with a steel tape: surveyor’s meth- 
od, 550. 

An electric matching device, 278-79. 

How to draw an addition and subtraction 
nomograph, 281. 

How to draw a multiplication and division 
nomograph, 391-92. = 

Illustrating simple transformations, 467 
68. 

An improved trigtractor, 28-29. 

A multi-model demonstration board, 121 
22. 

A paper model for solid geometry, 185-86. 

The role of sensory materials in meaningful 
learning, 274-77. 

Teaching the concept of cubic measure 
through the use of manipulative aids, 
489-90. 

Three folding models of polyhedra, 286-88. 

The tomahawk, 280-81. 

VOCATIONAL MATHEMATICS. See GUIDANCE 
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Take part in the design of atomic reactors 
for naval propulsion at Combustion Engi- 
neering’s Nuclear Research and Development 
(+) Center, located on a 535 acre site in the beautiful — 
Connecticut valley near Hartford. 


Permanent positions available in the anal 
ysis of programming problems: for high-speed digital — 
 tomputers. Previous programming experience 
but n not required. 


© LONG ESTABLISHED COMPANY 


@ OPPORTUNITY FOR 
INDIVIDUAL GROWTH 


“ANEW DIVISION [UBERAL BENEFITS. 
OF A PIONEER IN THE 


Submit Resume to 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 


Please mention the MATHEMATICS TEACHER when answering advertisements re 


Make Mathematics a Laboratory 
Science with the 


SCHACHT Dynamic Geometry Devices 


For Inductive Learning 


Do not SUPPLANT DEDUCTION 


—but enhance it! 


Adjust to a variety of figures and 
emphasize continuity! 


Appeal to the tactile and visual 
senses. 


ECONOMICAL—STURDY 


The Instruments are accurately made of strong, 
lightweight, aluminum, with each side anodized a 
different color. Elastic cords are used for altitudes, 
diagonals, bisectors, medians, etc. They will last 
for many years even with hard student use. 


No, 7510 


THE DEVICES ILLUSTRATED ABOVE AND OTHERS ARE AVAILABLE 


. 7500 Dynamic Extensible Triangle, Each 

. 7505 Dynamic Adjustable Triangle, Each 

. 7510 Dynamic Extensible Quadrilateral, Each 
. 7515 Parallel Lines Device, Each 

. 7520 Criteria Quadrilateral, Each 

. 7565 Manual for Schacht Devices, Each 


QUANTITY PRICES ARE AVAILABLE FOR CLASS INSTALLATION 


Write for our mathematics catalog listing the 
Schacht devices and other mathematical 
models. 


W. M. WELCH 


SCIENTIFIC 
1515 Sedgwick Street, Chicago 10, Hlinois, U.S.A. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number’ of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing the length 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = 5, 


Examine “T-shaped” line groupings in the film with microscope, and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group_are 
not distinctly separated. Reduction ratio is 5, and 7.9 x 5 = 39.5 lines per millimeter recorded satisfacto- 
rily. 10.0 x § = §0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 

Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, 
processing, and other factors. These rarely utilize maximum resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 
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